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Abstract

This paper introduces speci"cation tests of parametric mean-regression models. The
null hypothesis of interest is that the parametric regression function is correctly speci"ed.
The proposed tests are generalizations of the Kolmogorov}Smirnov and Cramer}von
Mises tests to the regression framework. They are consistent against all alternatives to the

null hypothesis, powerful against 1/Jn local alternatives, not dependent on any smooth-
ing parameters and simple to compute. A wild-bootstrap procedure is suggested to
obtain critical values for the tests and is justi"ed asymptotically. A small-scale Monte
Carlo experiment shows that our tests (especially Cramer}von Mises test) have outstand-
ing small sample performance compared to some of the existing tests. ( 2000 Published
by Elsevier Science S.A. All rights reserved.

JEL classixcation: C12
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1. Introduction

This paper proposes speci"cation tests for a parametric mean-regression
model for independent observations. The null hypothesis of interest (H

0
) is that
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the parametric regression function is correctly speci"ed. The alternative hypoth-
esis (H

1
) is the negation of the null hypothesis, i.e., that the parametric regres-

sion function is incorrectly speci"ed. The parametric regression model we
consider is a nonlinear regression model in which the regression function is
known except for a "nite-dimensional parameter and the regression errors may
be heteroskedastic.

The tests we consider are generalizations of the Kolmogorov}Smirnov and
Cramer}von Mises tests of goodness of "t. The tests introduced in this paper are
(i) consistent against all alternatives to the null hypothesis H

0
; (ii) powerful

against 1/Jn local alternatives to H
0
; (iii) not dependent on any smoothing

parameters; and (iv) simple to compute.
We note that there is a huge literature on the testing problem considered here.

Some of the existing tests in the literature employ a nonparametric estimator of
one sort or another of the regression function. Examples of such tests include
Eubank and Spiegelman (1990), Fan and Li (1996a), Gozalo (1993), HaK rdle and
Mammen (1993), Hong and White (1996), Li and Wang (1998), Whang and
Andrews (1993), Wooldridge (1992), and Yatchew (1992), to mention only a few.
These tests are consistent against all alternatives to the null, but are not
powerful against 1/Jn local alternatives and dependent on smoothing para-
meters. On the other hand, the tests of Bierens (1982, 1990), Bierens and
Ploberger (1997), and De Jong (1996), among others, do not employ any
nonparametric estimator of the regression function and hence do not su!er from
the latter problems. These tests, however, have case-dependent asymptotic
distributions and hence require a suitable choice of a nuisance parameter space,
which could be arbitrary, and rely on an upper bound on the asymptotic critical
value (in the cases of Bierens (1982) and Bierens and Ploberger (1997)), which
might be too conservative. Our tests suggested below also have case-dependent
asymptotic distributions, but try to avoid the above problems by using a boot-
strap procedure to obtain critical values.

We also note that Andrews (1997, hereafter AN) has recently generalized the
Kolmogorov}Smirnov test to develop a consistent speci"cation test for para-
metric models that specify a parametric family for the conditional distribution of
a response variable given a covariate. The present paper di!ers from AN in that
it considers speci"cation tests for parametric models that specify a parametric
family for the regression function, that is, the conditional mean of the response
variable given the covariate. Due to this di!erence, the parametric bootstrap
procedure considered by AN is not appropriate for our purpose to simulate the
asymptotic null distributions of the test statistics. Instead, it turns out that
a wild-bootstrap procedure introduced in Section 4 below works in our context.
Furthermore, this paper also considers a generalization of the Cramer}von
Mises test to the regression context, in a hope that it might have better "nite
sample power performance than the Kolmogorov}Smirnov-type test. Except
these di!erences, this paper follows the approach of AN very closely } we
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1See Appendix for a discussion of results that are applicable to the case of independent
non-identically distributed (i.n.i.d.) r.v.'s.

extensively use the notation of AN to help a reader familiar with the latter
paper.

Finally, we note that speci"cation tests similar to ours have been suggested
independently by Stute et al. (1998a). Our paper, however, allows more general
null models and estimation procedures than theirs and discusses power proper-
ties more explicitly.

The remainder of the paper is organized as follows. Section 2 de"nes the main
test statistics. Section 3 establishes the asymptotic null distributions of the test
statistics. Section 4 introduces a bootstrap procedure for obtaining critical
values and justi"es the procedure asymptotically. Section 5 establishes consist-

ency of the tests. Section 6 determines the power of the tests against 1/Jn local
alternatives. An Appendix sketches proofs of results stated in the text.

2. De5nition of the test statistics

Suppose that we observe a sample of n r.v.'s M(>
i
, X

i
): i"1,2, nN, where

>
i
3R and X

i
3RK.. We assume that the r.v.'s satisfy:1

Assumption D1. M(>
i
,X

i
): i*1N are i.i.d. with conditional distribution function

H( ) DX
i
) of >

i
given X

i
and marginal distribution function G( ) ) of X

i
.

The null hypothesis of interest is

H
0
: P

GAPydH(yDX)"g(X, h)B"1 for some h3HLRP, (1)

where g( ) , h) is a known regression function and X&G. The alternative hy-
pothesis is the negation of H

0
, that is,

H
1
: P

GAPydH(yDX)Og(X, h)B'0 for all h3HLRP. (2)

We now de"ne our test statistics. Let

HK
n
(x)"

1

n

n
+
i/1

>
i
(X

i
)x) (3)

FK
n
(x, h)"

1

n

n
+
i/1

g(X
i
, h)(X

i
)x), (4)

where (X
i
)x) denotes the indicator function of the event X

i
)x. That is,

(X
i
)x)"1 if X

i
)x and (X

i
)x)"0 otherwise. Let hK be an estimator of h.
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2Our tests as well as the Bierens-type tests can be interpreted as conditional moment tests, using
either an indicator function or an exponential function as the weighting function. (See Stinchcombe
and White (1998) for a general treatment of consistent conditional moment tests with a various
choices of weighting functions.) As compared to the Bierens type tests, the choice of the indicator
function as the weighting function has an advantage in that it does not require an arbitrary choice of
a nuisance parameter space.

3Recently, Stute et al. (1998b) have also considered a test based on HK
n
(x)!F

n
(x,hK ) in which X

i
is

assumed to be univariate. Contrary to ours, their test uses a martingale transformation that makes
the asymptotic null distribution of their test statistic free of nuisance parameters. The martingale
transformation, however, depends on the unknown variance of the regression errors and hence
requires nonparametric estimation if the errors are (conditionally) heteroskedastic. Hence, contrary
to ours, their test requires a choice of smoothing parameters, which may be arbitrary in practice.
Furthermore, to overcome the di$culty that the martingale transformation becomes unstable at
extreme values of x, one needs to choose a suitable compact interval to calculate their test statistic,
which again could be arbitrary in practice (see Stute et al., 1998b, p. 1923).

When H
0

is true, we let h
0

denote the true value of h. Note that under the null
hypothesis E(HK

n
(x)DX)"FK

n
(x, h

0
) ∀x3RK, where E( ) DX) denotes conditional

expectation given X"MX
i
: i*1N. Under the alternative hypothesis, however,

E(HK
n
(x)DX)OFK

n
(x, h) for some x3RK, for all h3H (see Section 5 below).

Therefore, we take the di!erence between HK
n
( ) ) and FK

n
( ) , hK ) as the basis of our

test statistic.
The test statistics are de"ned by

KS
n
"Jn sup

x|X
DHK

n
(x)!FK

n
(x, hK )D (5)

CM
n
"nP(HK n (x)!FK

n
(x, hK ))2dG

n
(x), (6)

where X"supp(G)LRK denotes the support of the distribution function (df)
G and G

n
( ) ) denotes the empirical distribution of MX

i
: i"1,2, nN. The tests

KS
n

and CM
n

are generalizations of the Kolmogorov}Smirnov and
Cramer}von Mises tests respectively to the regression context.2

The asymptotic distributions of KS
n

and CM
n

under the null hypothesis are
turned out to be functionals of a Gaussian process that depends on nuisance
parameters, viz. h

0
and G( ) ) (see Section 3 below).3 In consequence, we obtain

critical values for the KS
n

and CM
n

statistics by a bootstrap procedure de-
scribed in Section 4 below.

3. The asymptotic distributions of the tests under the null hypothesis

In this section, we examine the asymptotic distributions of the KS
n

and CM
n

statistics under the null hypothesis.
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4This follows from the bounded convergence theorem, see footnote 2 of AN for details.

To justify the bootstrap procedure discussed in Section 4, we show that the
asymptotic results introduced in this section hold conditional on MX

i
: i*1N

with probability one. Such conditional results are stronger than the correspond-
ing unconditional results.4 For brevity, we let &wp1' denote &with probability
one'.

Let

l
n
(x, h)"Jn(HK

n
(x)!FK

n
(x, h)). (7)

Note that l
n
( ) , h) is a conditional empirical process since E(HK

n
(x)DX)"FK

n
(x, h).

We assume that the estimator hK of h satis"es the following linear expansion:

Jn(hK !h
0
)"

1

Jn

n
+
i/1

D
0
t(>

i
, X

i
, h

0
)#o

1
(1) conditional on X wp1,

(8)

where D
0

is a nonrandom P]P matrix and t( ) , ) , ) ) : RK]R]HPRP is a func-
tion satisfying Assumption E1(ii) below. This assumption is quite general and is
satis"ed by a number of parametric estimators including maximum likelihood
and nonlinear least squares estimators (see Remark 2 to Assumption E1 below).

We show below that the asymptotic null distributions of the test statistics KS
n

and CM
n
depend on that of (l

n
( ) , h

0
), JntM

n
(h

0
)@)@, which is a Gaussian process,

where

tM
n
(h)"

1

n

n
+
i/1

t(>
i
, X

i
, h). (9)

Let GH be any distribution function on RK. Let

C(x
1
, x

2
, h, GH)"PPA

(y!g(x, h))(x)x
1
)

t(y, x, h) BA
(y!g(x, h))(x)x

2
)

t(y, x, h) B
@

dH(yDx) dGH(x). (10)

Then, the covariance matrix of the asymptotic distribution of

(l
n
( ) , h

0
), Jn tM

n
(h

0
)@)@ is de"ned to be

C(x
1
,x

2
, h

0
,G)"Cov((l

n
(x

1
, h

0
),Jn tM

n
(h

0
)@)@, (l

n
(x

2
, h

0
),Jn tM

n
(h

0
)@)@).

(11)
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5This choice of pseudometric is to use the functional CLT result of Pollard (1990, Theorem 10.6)
to prove Theorems A.1 and A.2 of Appendix, see Eq. (10.5) in p. 53 of the latter paper for the
de"nition of the pseudometric.

Weak convergence of (l
n
( ) , h

0
), Jn tM

n
(h

0
)@)@ requires the speci"cation of

a pseudometric o on RK. It is de"ned as follows:5 For x
1
,x

2
3RK,

o(x
1
, x

2
)"CPPy2[(x)x

1
)!(x)x

2
)]2dH(yDx) dG(x)D

1@2
. (12)

We now introduce assumptions used to establish our asymptotic results.

Assumption M1. (i) g(X
i
, h) is di!erentiable in h on a neighborhood N

1
of

h
0

∀i*1. (ii) sup
x|X

suph>@@h~h0 @@xrn
DD(1/n)+n

i/1
(R/Rh)g(X

i
, h)(X

i
)x)!

D
0
(x)DDP0 wp1 for all sequences of positive constants Mr

n
: n*1N such that

r
n
P0, where D

0
(x)":(R/Rh)g(x8 , h

0
)(x8 )x)dG(x8 ). (iii) sup

x|Rk DDD0
(x)DD(R and

D
0
( ) ) is uniformly continuous on RK (with respect to the metric o).

Assumption E1. (i) Jn(hK !h
0
)"(1/Jn)+n

i/1
D

0
t(>

i
, X

i
, h

0
)#o

1
(1) con-

ditional on X wp1, where D
0

is a nonrandom P]P matrix that may depend
on h

0
. (ii) t(y, x, h) is a measurable function from RK]R]H to RP that satis-

"es (a) t(y, x, h)"(y!g(x, h))m(x, h) for some function m( ) , ) ):RK]HPRP

and (b) :DDt(y,x, h
0
)DD2`edH(yDX)dG(x)(R for some e'0. (iii)

:DyD2`ddH(yDx)dG(x)(R for some d'0.

Remark 1. Assumption M1 is trivially satis"ed when the null model is the linear
regression model provided a suitable moment condition holds for the regressor
X

i
.

Remark 2. Assumption E1 is also very general and can be veri"ed for many

parametric estimators that are Jn-consistent and asymptotically normal using
the results in the literature. For example, for the nonlinear least-squares (NLS)
estimator, the function m(x, h) corresponds to Rg(x, h)/Rh and D

0
is the inverse of

the outer product Et(>
i
, X

i
, h

0
)t(>

i
, X

i
, h

0
)@.

We now establish the asymptotic null distribution of our test statistics. Let
(l( ) ), l@

0
)@ be a mean zero Gaussian process with covariance function de"ned by

EA
l(x

1
)

l
0
BA

l(x
2
)

l
0
B
@
"C(x

1
, x

2
, h

0
, G). (13)
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6Park and Whang (1999) apply the idea of this paper to develop Kolmogorov}Smirov and
Cramer}von Mises-type tests for the null of the martingale hypothesis. Contrary to this paper, their
test statistics do not depend on any estimated parameter and the asymptotic null distributions are
nuisance parameter-free and hence the critical values can be tabulated, see Figs. 1 and 2 of Park and
Whang (1999) for the shape of the asymptotic null distributions.

The asymptotic null distributions of our test statistics are given by
Theorem 1. Suppose Assumptions D1, M1, and E1 hold. Then, under the null,
(a) KS

n
$P sup

x|X
Dl(x)!D

0
(x)@D

0
l
0
D conditional on X wp1 and (b)

CM
n

$P :(l(x)!D
0
(x)@D

0
l
0
)2dG(x) conditional on X wp1.

Remark 1. The asymptotic null distributions of KS
n

and CM
n

depend on the
&true' parameter h

0
and distribution function G( ) ). The latter implies that the

asymptotic critical values for KS
n

and CM
n

cannot be tabulated.6

Remark 2. By the bounded convergence theorem, the unconditional asymptotic
distributions of the test statistics under the null hypothesis are the same as the
conditional asymptotic distributions given in Theorem 1.

4. Bootstrap critical values

The basic problem for bootstrapping a test statistic is how to impose the null
hypothesis in the resampling scheme. That is, the essential problem is to "nd
a bootstrap distribution that mimics the null distribution of the test statistic,
even though the data fails to satisfy the null hypothesis. In this paper, we
consider a wild bootstrap procedure that successfully imposes the null restric-
tion and allows heteroskedastic errors (see Wu (1986), HaK rdle and Mammen
(1993), and Li and Wang (1998) for more discussions about the wild bootstrap
procedure).

The wild bootstrap procedure for the test KS
n

(CM
n
) is carried out as follows:

Step 1: Use the original sample M(>
i
, X

i
): i)nN to compute hK . Then, obtain

;K
i
">

i
!g(X

i
, hK ) for i"1,2, n.

Step 2: Obtain the bootstrap error M;H
i
: i"1,2, nN using a two point

distribution, i.e., ;H
i
"a

1
;K

i
with probability r"(J5#1)/(2J5) and

;H
i
"a

2
;K

i
with probability 1!r for i"1,2, n, where a

1
"!(J5!1)/2

and a
2
"(J5#1)/2.

Step 3: Let >H
i
"g(X

i
, hK )#;H

i
for i"1,2, n. The resulting sample

M(>H
i
, X

i
) : i)nN is the bootstrap sample.

Step 4: Compute the bootstrap value of KS
n

(CM
n
) call it KSH

n
(CMH

n
), by

applying the de"nition of KS
n

(CM
n
) to the bootstrap sample in place of the

original sample.
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Step 5: Repeat Steps 2}4 above B times to get a sample MKSH
n
N (MCMH

n
N) of the

bootstrap value of KS
n

(CM
n
). The distribution of this sample, call it the

bootstrap distribution, mimics the null distribution of KS
n

(CM
n
).

Step 6: Let cKSanB (hK ) (cCManB(hK )) be the (1!a)th sample quantile of the bootstrap
distribution of KSH

n
(CMH

n
). It is the bootstrap critical value of signi"cance level a.

Thus, we reject the null hypothesis at the signi"cance level a if
KS

n
'cKSanB (hK )(CM

n
'cCManB(hK )).

We now brie#y discuss the asymptotic validity of the wild bootstrap proced-
ure. (For a more complete discussion, see Whang, 1998). Let H( ) , ) ) denote the
unconditional joint distribution function of (>

i
, X

i
), i.e.,

H(y, x)"PH(yDx8 )(x8 )x)dG(x8 ) for (y, x)3RK`1. (14)

For any distribution function HH on RK`1, de"ne

C0(x
1
,x

2
, h, HH)"PPA

(y!g(x, h))(x)x
1
)

t(y, x, h) BA
(y!g(x, h))(x)x

2
)

t(y, x, h) B
@

dHH(y, x). (15)

Note that C0(x
1
, x

2
, h, H)"C(x

1
, x

2
, h, G) under Assumption D1 (see Eq. (10)

for the de"nition of C(x
1
, x

2
, h,G)).

For any sequence of nonrandom parameters Mh
n
: n*1N such that h

n
Ph

0
, let

the boostrap sample M(>H
i
, X

i
) : i)nN be distributed under Mh

n
: n*1N when the

regressor MX
i
: i*1N are i.i.d. with df G( ) ) and the regressand M>H

i
: i)n, n*1N

are independently generated from >H
i
"g(X

i
, h

n
)#;H

i
for i"1,2, n in Step

3 above.
We assume that the estimator hK H

n
of h

n
based on the bootstrap sample satis"es

the following assumption under Mh
n
: n*1N:

Assumption E2. (i) For all nonrandom sequence Mh
n
: n*1N for which h

n
Ph

0
,

we have Jn(hK H!h
n
)"(1/Jn)+n

i/1
D

0
t(>H

i
, X

i
, h

n
)#o

1
(1) conditional

on (Y, X)"M(>
i
, X

i
) : i*1N wp1 for D

0
and t(y, x, h) as de"ned in As-

sumption E1(ii). (ii) ::tI
1
(y, x) dH(yDx) dG(x)(R, where tI

1
(y, x)"

suph|N1
DDt(y, x, h)DD2`e for some e'0. (iii) :DyD2`ddH(yDx) dG(x)(R,

:suph|N1
Dg(x, h)D2`d dG(x)(R, and :suph|N1

DD(R/Rh)g(x, h)DD2dG(x)(R for
some d'0.

In addition, we assume that the covariance matrix is continuous in h

Assumption M2. C0(x
1
, x

2
, h, H) is continuous in h at h

0
∀x

1
, x

2
3RK.
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7The absolute continuity holds since the limit distribution is the supremum (or integral) of
a Gaussian process whose covariance function is nonsingular, see Lifshits (1982).

When the form of the regression function :ydH(yDx) is arbitrary, we assume
that the estimator hK satis"es:

Assumption E3. hK Ph
1

a.s. conditional on X wp1 for some h
1
3H.

We now establish that the bootstrap distribution of KSH
n

(CMH
n
) has the same

limit as the asymptotic null distribution of KS
n

(CM
n
) when the bootstrap

sample is generated from >H
i
"g(X

i
, h

n
)#;H

i
. That is, we have:

Theorem 2. Suppose Assumptions D1, M1, M2, and E2 hold. Then, for any nonran-
dom sequence Mh

n
: n*1N for which h

n
Ph

0
, we have (a)

KSH
n

$P sup
x|X

Dl(x)!D
0
(x)@D

0
l
0
D under Mh

n
: n*1N conditional on (Y, X) wp1

and (b) CMH
n

$P :(l(x)!D
0
(x)@D

0
l
0
)2dG(x) under Mh

n
: n*1N conditional on

(Y, X) wp1.

Given the absolute continuity of the limit distribution,7 Theorem 2 suggests
that the level a critical value cKSan (h

n
) (cCMan (h

n
)) obtained from the bootstrap

distribution of KSH
n

(CMH
n
) converges (conditional on the original sample) to the

critical value cKSa (h
0
) (cCMa (h

0
)) from the limit distribution of KS

n
(CM

n
) for any

h
0
3H. This result, in turn, implies that, if hK converges to some h

1
(3H), then the

critical value cKSan (hK ) (cCMan (hK )) from the bootstrap distribution with
>H

i
"g(X

i
, hK )#;H

i
converges (conditional on the original sample) to cKSa (h

1
)

(cCMa (h
1
)). The latter implies that asymptotic signi"cance level of the test

KS
n
(CM

n
) with critical value cKSan (hK ) (cCMan (hK )) is a as desired.

The above heuristic arguments can be stated more formally in the following
corollary (see Whang (1998) for a proof ):

Corollary 3. (a) Suppose Assumptions D1, M1, M2, E2, and E3 (with h
1
"h

0
)

hold and BPR as nPR. Then, under the null hypothesis,

cAanB(hK )PcAa (h0 ) a.s. conditional on X wp1 and

lim
n?=

Ph0 (An
'cAanB(hK )DX)"a wp1 for A"KS and CM.

(b) Suppose Assumption D1 holds, Assumptions M1, M2, E2, and E3 (with
h
1
"h

0
) hold for any value of h

0
3H, and BPR as nPR. Then,

sup
h0|H

lim
n?=

Ph0 (An
'cAanB(hK ))"a for A"KS and CM.
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(c) Suppose Assumptions D1 and E3 hold, Assumptions M1, M2, and E2 hold for
any value of h

0
3H, and BPR as nPR. Then,

cAanB(hK )PcAa (h1 ) a.s. conditional on X wp1 for A"KS and CM.

Remark. Part (c) of Corollary 3 ensures that the tests KS
n
and CM

n
have power,

since the bootstrap critical values converge almost surely to "nite constants
cKSa (h

1
) and cCMa (h

1
) respectively under Assumption E3 even when the null

hypothesis fails to hold. (See Theorem 4 below.)

5. Consistency of the tests

In this section, we establish that the KS
n
and CM

n
tests are consistent against

the alternative hypothesis H
1
.

We assume that the following moment conditions hold under H
1
:

Assumption E4. ::y2dH(yDx) dG(x)(R and :Dg(x, h
1
)D dG(x)(R.

Consistency of the tests is established in the following theorem:

Theorem 4. Suppose Assumptions D1, M1, E3 and E4 hold under the alternative
hypothesis H

1
. Then, for all sequences of r.v.'s Mc

n
: n*1N with c

n
"O

1
(1) condi-

tional on X wp1, we have lim
n?=

P(KS
n
'c

n
DX)"1 wp1 and

lim
n?=

P(CM
n
'c

n
DX)"1 wp1.

Remark. The bootstrap critical value canB(hK ) is O
1
(1) under the null and alterna-

tive by Corollary 3(c) and hence satis"es the requirements of Theorem 4 on c
n
.

6. Local power properties

In this section, we determine the power of the KS
n
and CM

n
tests against local

alternatives to the null hypothesis. The alternatives we consider are of distance

1/Jn from the null hypothesis.
Suppose one is interested in the power of the KS

n
and CM

n
tests for the

sample size n
0

against an alternative regression function q( ) ) N Mg( ) , h) : h3HN.
Let Q( ) D ) ) denote a conditional distribution function of>

i
given X

i
correspond-

ing to q( ) ), i.e., :y dQ(yDx)"q(x). We create local alternatives by starting with the
alternative regression function q( ) ) at the sample size n

0
and shrinking it toward

g(x, h
0
) as the sample size increases. For this purpose, let

d(x)"Jn
0
(q(x)!g(x, h

0
)). (16)
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Then the sequence of local alternative regression functions we consider is
given by

q
n
(x)"g(x, h

0
)#d(x)/Jn for n"1, 2,2. (17)

We denote Q
n
( ) D ) ) to be a conditional distribution function corresponding to

q
n
( ) ), i.e., :ydQ

n
(yDx)"q

n
(x). Below, we say the observations are distributed

under MQ
n
( ) D ) ) : n*1N when M(>

i
, X

i
) : i)nN are distributed independently

with conditional mean of >
i
given X

i
given by :ydQ

n
(yDX

i
)"q

n
(X

i
) for i)n

and n*1. Note that the n
0
th regression function is given by

:y dQ
n0

(yDX
i
)":ydQ(yDX

i
)"q(X

i
) as desired.

For our asymptotic results given below, we assume that the following moment
conditions hold:

Assumption L. (i) :Dq(x)!g(x, h
0
)D2`ddG(x)(R for some d'0.

(ii) :DDt(y, x, h
0
)DD2dQ(yDx) dG(x)(R.

We also assume that the &regression errors' under the sequence of local
alternatives have the same conditional moment (up to a constant) as that under
the null hypothesis:

Assumption V. :(y!:ydQ
n
(yDx))rdQ

n
(yDx)":(y!:ydH(yDx))rdH(yDx) ∀0(r)2#e

for some e'0 ∀x3RK ∀n*1.

Remark. Assumption V is weaker than the corresponding assumption of Bierens
and Ploberger (1997, p. 1132) who assume that the regression errors (themselves,
not conditional moments of them) under local alternatives are the same as those
under the null hypothesis.

De"ne

M
1
"sup

x|X
Dl(x)!D

0
(x)@D

0
l
0
#d(x)D (18)

and

M
2
"P(l(x)!D

0
(x)@D

0
l
0
#d(x))2 dG(x), (19)

where

d(x)"Jn
0CP(q(x8 )!g(x8 , h

0
))(x8 )x) dG(x8 )

!D
0
(x)@D

0PPt(y8 , x8 , h
0
) dQ(y8 Dx8 ) dG(x8 )D.
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8Fan and Li (1996b), for example, show that the smoothing based tests can be more powerful than
the nonsmoothing based tests for the &singular' alternatives that converge to the null model at a rate

faster than 1/Jn. Horowitz and Spokoiny (1999) further develop a test that is uniformly consistent
against alternatives that converge to the null model at the fastest possible rate which is slower than

1/Jn.

The asymptotic distributions of KS
n
and CM

n
under the local alternatives are

given by

Theorem 5. Suppose Assumptions M1, E1, L, and V hold. Then, (a) KS
n

$P M
1

under MQ
n
( ) D ) ) : n*1N conditional on X wp1 and (b) CM

n
$P M

2
under

MQ
n
( ) D ) ) : n*1N conditional on X wp1.

Remark 1. By the same arguments to those in Andrews (1997, Comment 2 to
Theorem 4, p. 1114), the KS

n
and CM

n
tests are asymptotically locally unbiased.

Remark 2. In contrast to the existing consistent tests that depend on a non-
parametric estimator of the regression function (e.g., HaK rdle and Mammen,
1993; Fan and Li, 1996a; Hong and White, 1996), the KS

n
and CM

n
tests have

nontrivial power against the 1/Jn local alternatives of the form (17). It should
be noted, however, that this result does not generally extend to hold uniformly

over all sequences of local alternatives that are of distance 1/Jn from the null
model.8

Remark 3. The asymptotic local power of the KS
n

and CM
n

tests against
Mq

n
( ) ) : n*1N is given by P(M

1
'ca(h0)) and P(M

2
'ca(h0)) respectively.

Therefore, since q
n0

( ) )"q( ) ), the powers of the KS
n

and CM
n

tests against q( ) )
when the sample size is n

0
can be approximated by P(M

1
'ca(h0)) and

P(M
2
'ca(h0 )) respectively.

7. Monte Carlo experiment

In this section, we examine the "nite sample performance of the tests KS
n
and

CM
n

in a small scale simulation experiment. We compare the performance of
our tests to those of HaK rdle and Mammen (1993) (hereafter HM) and Bierens
and Ploberger (1997) (hereafter BP).

We considered two data generating processes: For i"1,2, n,

DGP1 :>
i
"2X

i1
!X2

i1
#c

1
(X

i1
!1

4
)(X

i1
!1

2
)(X

i1
!3

4
)#;

i1
(20)
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Table 1
Rejection probabilities of the tests at the 5% signi"cance levels (DGP1)!

c
1

Test n

50 100 200

KS 0.055 0.047 0.051
CM 0.047 0.054 0.052
HM1 0.010 0.019 0.026
HM2 0.026 0.028 0.036

0.0 HM3 0.036 0.039 0.045
BP1 0.025 0.033 0.031
BP2 0.030 0.039 0.031

KS 0.802 [0.880] 0.983 [0.994] 1.00 [1.000]
CM 0.884 [0.927] 0.998 [1.000] 1.00 [1.000]
HM1 0.199 [0.828] 0.355 [0.989] 0.517 [1.000]

0.05 HM2 0.445 [0.877] 0.598 [0.996] 0.679 [1.000]
HM3 0.604 [0.895] 0.702 [0.999] 0.778 [1.000]
BP1 0.882 [0.937] 0.962 [0.987] 0.973 [0.985]
BP2 0.904 [0.939] 0.982 [0.997] 0.995 [1.000]

KS 0.986 [0.995] 0.999 [1.000] 1.00 [1.000]
CM 0.992 [0.998] 1.00 [1.000] 1.00 [1.000]
HM1 0.383 [0.989] 0.446 [1.000] 0.544 [1.000]

0.1 HM2 0.668 [0.997] 0.657 [1.000] 0.690 [1.000]
HM3 0.790 [0.997] 0.748 [1.000] 0.791 [1.000]
BP1 0.973 [0.992] 0.974 [0.992] 0.973 [0.984]
BP2 0.980 [0.991] 0.991 [0.999] 0.995 [1.000]

!HM1, HM2, and HM3 represent the HaK rdle and Mammen's (1993) test with bandwidth para-
meter h"0.1, 0.2, and 0.3, respectively. BP1 and BP2 correspond to the Bierens and Ploberger's
(1990) test with the nuisance parameter space given by N"[1, 3] and [1, 5], respectively. The
numbers in the square brackets are rejection probabilities using the empirical critical values.

and

DGP2 :>
i
"1#X

i1
#X

i2
#c

2
X

i1
X

i2
#;

i2
,

where X
i1

and X
i2
&i.i.d. N(0, 1), ;

i1
&i.i.d. N(0, 0.01) and

;
i2
&i.i.d. N(0, 4). We take c

1
3(0.0, 0.05, 0.1) and c

2
3(0.0, 1.0, 2.0). The null

models correspond to c
1
"0.0 and c

2
"0.0. DGP1 is the same as the model

used by HM (except that X
i1

are generated from the uniform distribution in the
latter) and DGP2 is similar to the design considered by Bierens (1990).

We consider three sample sizes: n3(50, 100, 200). The number of bootstrap
repetitions is B"200. The number of Monte Carlo simulation repetitions is
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Table 2
Rejection probabilities of the tests at the 5% signi"cance levels (DGP2)!

c
2

Test n

50 100 200

KS 0.061 0.063 0.061
CM 0.048 0.057 0.057
HM1 0.010 0.008 0.023

0.0 HM2 0.015 0.010 0.023
HM3 0.031 0.037 0.064
BP1 0.018 0.016 0.027
BP2 0.010 0.009 0.016

KS 0.232 [0.374] 0.494 [0.656] 0.835 [0.919]
CM 0.393 [0.559] 0.762 [0.831] 0.989 [0.995]
HM1 0.035 [0.506] 0.173 [0.818] 0.557 [0.985]

1.0 HM2 0.062 [0.537] 0.233 [0.834] 0.660 [0.989]
HM3 0.105 [0.543] 0.338 [0.851] 0.729 [0.992]
BP1 0.235 [0.381] 0.570 [0.734] 0.900 [0.953]
BP2 0.108 [0.290] 0.306 [0.585] 0.622 [0.805]

KS 0.501 [0.887] 0.845 [0.991] 0.994 [1.000]
CM 0.811 [0.961] 0.991 [1.000] 1.00 [1.000]
HM1 0.139 [0.949] 0.449 [1.000] 0.873 [1.000]

2.0 HM2 0.215 [0.952] 0.539 [1.000] 0.901 [1.000]
HM3 0.257 [0.953] 0.570 [1.000] 0.880 [1.000]
BP1 0.546 [0.715] 0.826 [0.912] 0.967 [0.984]
BP2 0.300 [0.586] 0.560 [0.778] 0.756 [0.876]

!HM1,HM2, and HM3 represent the HaK rdle and Mammen's (1993) test with bandwidth parameter
h"0.7, 0.8, and 0.9, respectively. BP1 and BP2 correspond to the Bierens and Ploberger's (1990)
test with the nuisance parameter space given by N"[1, 3]][1, 3] and [1, 5]][1, 5], respectively.
The numbers in the square brackets are rejection probabilities using the empirical critical values.

"xed to be 1000. Computational requirements prevented us from considering
larger sample sizes and number of repetitions.

To calculate the HM test statistic, one needs to choose the kernel function
K( ) ) and the bandwidth parameter (h). We use the quartic kernel
K(u)"(15/16)(1!u2)2 for DuD)1 as in HM and we take h3(0.1, 0.2, 0.3) for
DGP1 and h3(0.7, 0.8, 0.9) for DGP2. The critical values for the HM test are
obtained from the wild bootstrap procedure as suggested by HM to improve the
"nite sample performance of their test. For BP test, on the other hand, one need
to choose the nuisance parameter space N (using the notation of BP). We take
N 3([1, 3], [1, 5]) for DGP1 and N 3([1, 3]][1, 3], [1, 5]][1,5]) for DGP2.
We use a numerical integration to calculate the BP test statistic.
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9 In practice, the empirical critical values are not available and hence might not be useful in
applications. They are useful, however, in comparing power performance of the competing tests that
might have size distortions in "nite samples.

Tables 1 and 2 provide the rejection probabilities of the four alternative tests
with size a. The signi"cance level considered was a"0.05. (Results at other
signi"cance levels were similar and hence are not reported here.) The numbers
given in square brackets are size-corrected powers, i.e., rejection probabilities
using empirical critical values. The empirical critical values are obtained from
1000 random samples of size n from the null models (i.e., DGP1 and DGP2 with
c
1
"0 and c

2
"0 respectively).9

Table 1 shows the simulation results for DGP1. When c
1
"0, the results

indicate that the size performance of the KS test is reasonably good, whereas the
HM and BP tests generally under-reject the null hypothesis. The under-rejection
of the BP test is as expected since it relies on the upper bound on the asymptotic
critical value. Also as expected, the performance of the HM test is quite sensitive
to the choice of the bandwidth parameter. When c

1
O0, the results show that

the rejection probabilities increase as either c
1

or n increases. In terms of (both
actual and size-corrected) power, the CM test has good performance compared
to the other alternative tests in most of the cases considered. For the small
sample n"50 and N"[1, 5], however, the BP test has relatively good power
performance.

Table 2 provides the corresponding results to DGP2, in which the dimension
of the regressor is K"2. The results show that there are substantial small
sample size distortions for the test HM, which might be possibly due to the
well-known curse of dimensionality problem of nonparametric estimators. The
BP test now under-rejects the null hypothesis more severely than under DGP1.
When c

2
O0, the results clearly indicate that the CM test dominates the other

competing tests.
To summarize, we "nd that the CM test has generally the best performance in

our simulation experiments and we recommend practitioners to use the CM test
in their future research.
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10The results of the "rst step can be used to establish the asymptotic validity of the KS
n
and CM

n
tests when the observations are i.n.i.d. In this case, the limit distribution functions G( ) ) and H( ) , ) )
equals lim

n?=
(1/n)+n

i/1
G

i
( ) ) and lim

n?=
(1/n)+n

i/1
H

i
( ) , ) ) respectively, where X

i
&G

i
( ) ) and

(>
i
, X

i
)&H

i
( ) , ) ) ∀i*1.

Appendix

The asymptotic results in the main text can be proved based on the ideas of
AN. The main technical di$culty we have is to prove how the wild bootrap
(rather than parametric bootstrap as considered by AN) works in our case.
(Following the suggestion of a referee, we cut out the detailed treatment, which
can be obtained from an earlier version of this paper, i.e. Whang (1998).

The main step is as follows: First, show that under suitable assumptions the
desired asymptotic results of Theorem 1, 4, and 5 (Theorem 2) hold for a "xed
(nonrandom) sequences MX

i
: i*1N(M(>

i
,X

i
) : i*1N). Next, verify that these

assumptions hold with probability one if the corresponding assumptions in the
Theorems 1, 2, 4, and 5 hold. This establishes the desired results in the text.
Below, we omit the second step (which can be established by extending the
results of Pollard (1984, Theorem II.24) and applying the Kolmogorov's Strong
Law of Large Numbers) and merely sketch the "rst step.10

We "rst provide assumptions under which KS
n

and CM
n

have the desired
asymptotic null distributions when the regressors are "xed:

Assumption F.D1. MX
i
: i*1N are "xed (i.e., nonrandom) and M>

i
: i*1N are

independent with conditional distribution function H( ) DX
i
) of>

i
given X

i
for all

i*1.

Assumption F.C1. (i) GK
n
(x)PG(x) ∀x3RK for some distribution function G( ) ).

(ii) supp(GK
n
)Lsupp(G) ∀n*1. (iii) sup

x|X
D::y8 2(x8 )x) dH(y8 Dx8 )(dGK

n
(x8 )

!dG(x8 ))DP0. (iv) C(x
1
, x

2
, h

0
, GK

n
)PC(x

1
, x

2
, h

0
, G) ∀x

1
, x

2
3RK.

Assumption F.M1. (i) g(X
i
, h) is di!erentiable in h on a neighborhood N

1
of

h
0

∀i*1. (ii) sup
x|X

suph> @@h~h0 @@xrn
DD(1/n)+n

i/1
(R/Rh)g(X

i
, h)(X

i
)x)

!D
0
(x)DDP0 for all sequences of positive constants Mr

n
: n*1N such that r

n
P0,

where D
0
(x)":(R/Rh)g(x8 , h)(x8 )x) dG(x8 ). (iii) sup

x|Rk DDD0
(x)DD(R and D

0
( ) ) is

uniformly continuous on RK (with respect to the metric o).

Assumption F.E1. (i) Jn(hK !h
0
)"(1/Jn)+n

i/1
D

0
t(>

i
, X

i
, h

0
)#o

1
(1), where

D
0

is a nonrandom P]P matrix that may depend on h
0
. (ii) t(y, x, h) is

a measurable function from RK`1]H to RP that satis"es (a)
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t(y, x, h)"(y!g(x, h))m(x, h) for some function m( ) , ) ): RK]HPRP and

(b) lim
n?=

(1/n)+n
i/1

tI
0
(X

i
)(R, where tI

0
(x)":DDt(y, x, h

0
)DD2`edH(yDx) for

some e'0. (iii) lim
n?=

(1/n
n
+
i/1

f
0
(X

i
)(R, where f

0
(x)":DyD2`ddH(yDx) for

some d'0.

Theorem A.1. Suppose Assumptions F.D1, F.C1, F.M1, and E1 hold. Then, under
the null, (a) KS

n
$P sup

x|X
Dl(x)!D

0
(x)@D

0
l
0
D and (b) CM

n
$P :(l(x)

!D
0
(x)@D

0
l
0
)2dG(x).

Proof of Theorem A.1. The proof of Theorem A.1 is similar to that of Theorem
A.2 below with >H

i
, hK H, and h

n
replaced by >

i
, hK , and h

0
, respectively, and the

results conditioned on X instead of (Y, X). h

Next, we establish the bootstrap results when the original sample is nonran-
dom:

Assumption F.D2. M(>
i
, X

i
): i*1N are "xed, i.e., nonrandom.

Assumption F.C2. (i) HK
n
(y,x)PH(y,x) ∀(y,x)3R]RK for some distribution

function H( ) , ) ). (ii) supp(HK
n
)Lsupp(H) ∀n*1. (iii) sup

x|X
D::y2(x8 )x)(dHK

n
(y, x8 )!dH(y, x8 ))DP0. (iv) sup

x|X
D::g(x8 , h

0
)(y!g(x8 , h

0
))(x8 )x)(dHK

n
(y, x8 )

!dH(y, x8 ))DP0. (v) For all nonrandom sequence Mh
n
: n*1N for which

h
n
Ph

0
, C0(x

1
, x

2
, h

n
,HK

n
)!C0(x

1
, x

2
, h

n
, H) P0 ∀x

1
, x

2
3RK.

Assumption F.E2. (i) For all nonrandom sequence Mh
n
: n*1N for which h

n
Ph

0
,

we have Jn(hK H!h
n
)"(1/Jn)+n

i/1
D

0
t(>H

i
, X

i
, h

n
)#o

1
(1) for D

0
and

t(y, x, h) as de"ned in Assumption F.A3. (ii) lim
n?=

(1/n)+n
i/1

tI
1
(>

i
, X

i
)(R.

(iii) lim
n?=

(1/n)+n
i/1

D>
i
D2`d(R, lim

n?=
(1/n) +n

i/1
suph|N1

Dg(X
i
, h)D2`d(R

and lim
n?=

(1/n )+n
i/1

suph|N1
DD(R/Rh)g(X

i
, h)DD2(R for some d'0.

Theorem A.2. Suppose Assumptions F.D2, F.C2, F.M1, M2, and F.E2 hold. Then,
for any nonrandom sequence Mh

n
: n*1N for which h

n
Ph

0
, we have (a)

KSH
n

$P sup
x|X

Dl(x)!D
0
(x)@D

0
l
0
D under Mh

n
: n*1N and (b) CMH

n
$P

:(l(x)!D
0
(x)@D

0
l
0
)2dG(x) under Mh

n
: n*1N.

Proof of Theorem A.2. Let

tM H
n
(h)"

1

n

n
+
i/1

t(>H
i
, X

i
, h), (A.1)

lH
n
(x, h)"

1

Jn

n
+
i/1

[>H
i
!g(X

i
, hK )](X

i
)x). (A.2)
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Using a mean value expansion argument, we have

Jn sup
x|X

DFK
n
(x, hK H)!FK

n
(x, h

n
)!D

0
(x)@D

0
tM H
n
(h

n
)D

"o
1
(1) under Mh

n
: n*1N. (A.3)

under Assumptions F.M1, F.D2, and F.E2 for any nonrandom sequence
Mh

n
: n*1N for which h

n
Ph

0
. By the functional CLT of Pollard (1990, The-

orems 10.2 and 10.6), we also have

A
lH
n
( ) ,h

n
)

Jn tM H
n
(h

n
)BNA

l( ) )

l
0
B, (A.4)

if Assumptions F.D2, F.C2, F.E2, and M2 hold under Mh
n
: n*1N, where

(lH
n
( ) , h

n
),Jn tM H

n
(h

n
)@)@ is a stochastic process indexed by x3X and the

pseudometric o on X is given by

o(x
1
, x

2
)"CPPy2[(x)x

1
)!(x)x

2
)]2dH(y, x)D

1@2
. (A.5)

Theorem A.2 now follows by combining the results of (A.3) and (A.4) and
applying the continuous mapping theorem (see Pollard (1984, Theorem IV.12,
p. 70)).

To obtain consistency of KS
n

in the "xed regressors case, we assume

Assumption F.C3. (i) sup
x|X

D::y(x8 )x)dH(yDx8 )(dGK
n
(x8 )!dG(x8 ))DP0.

(ii) sup
x|X

D:g(x8 , h
1
)(x8 )x)(dGK

n
(x8 )!dG(x8 ))DP0.

The behavior of hK under arbitrary regression function :y dH(yD ) ) is given by

Assumption F.E4. (i) hK Ph
1

a.s. for some h
1
3H. (ii) ::y2dH(yDx) dG(x)

(R ∀i*1.

Theorem A.3. Suppose Assumptions F.D1, F.C3, F.M1 and F.E4 hold under the
alternative hypothesis H1. Then, for all sequences of r.v.'s Mc

n
: n*1N with

c
n
"O

1
(1), we have lim

n?=
P(KS

n
'c

n
)"1 and lim

n?=
P(CM

n
'c

n
)"1.

Proof of Theorem A.3. Let

H(x)"PPy(x8 )x) dH(yDx8 ) dG(x8 ), (A.6)

F(x, h)"Pg(x8 , h)(x8 )x) dG(x8 ). (A.7)
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By Assumptions F.C3, F.E4, and the empirical process uniform LLN of Pollard
(1990, Theorem 8.3), we have

1

Jn
KS

n
"sup

x|X
DH(x)!F(x, h

1
)D#o

1
(1),

1

n
CM

n
"P(H(x)!F(x, h

1
))2 dG(x)#o

1
(1).

Theorem A.4 follows since there exists a point x3X for which

H(x)!F(x, h
1
)"PCPydH(yDx8 )!g(x8 ,h

1
)D (x8 )x) dG(x8 )O0. (A.8)

under the alternative hypothesis H
1
. h

Finally, we establish the local power results when the regressors are "xed:

Assumption F.L. (i) lim
n?=

(1/n)+n
i/1

Dq(X
i
)!g(X

i
, h

0
)D2`d(R for some

d'0.
(ii) lim

n?=
(1/n)+n

i/1
:DDt(y, X

i
, h

0
)DD2 dQ(yDX

i
)(R.

(iii) sup
x|X

D:(q(x8 )!g(x8 , h
0
))(x8 )x)(dGK

n
(x8 )!dG(x8 ))DP0.

(iv) sup
x|X

D:(g(x8 , h
0
))2(x8 )x)(dGK

n
(x8 )!dG(x8 ))DP0.

(v) ::t(y, x, h
0
)(x8 )x) dQ(yDx)(dGK

n
(x8 )!dG(x8 ))P0.

Theorem A.4. Suppose Assumptions F.C1, F.M1, F.E1, F.L, and V hold. Then, (a)
KS

n
$P M

1
under MQ

n
( ) D ) ) : n*1N and (b) CM

n
$P M

2
under MQ

n
( ) D ) ) : n*1N.

Proof. Under MQ
n
( ) D ) ) : n*1N, we have

Jn sup
x|X

DFK
n
(x, hK )!FK

n
(x, h

0
)!D

0
(x)@D

0
tM
n
(h

0
)D"o

1
(1). (A.9)

We also have

A
l
n
( ) , h

0
)

Jn tM
n
(h

0
)BNA

l( ) )#Jn
0
:(q(x8 )!g(x8 , h

0
))(x8 ) ) ) dG(x8 )

l
0
#Jn

0
::t(y8 , x8 , h

0
) dQ(y8 Dx8 )dG(x8 ) B (A.10)

under MQ
n
( ) D ) ) : n*1N. Combining the above results and using the continuous

mapping theorem give Theorem A.4. h
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