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We propose nonnested tests for competing conditional moment restriction mod-
els using the method of conditional empirical likelihood, recently developed by
Kitamura, Tripathi, and Ahn (2004) and Zhang and Gijbels (2003). To define the
test statistics, we use the implied conditional probabilities from conditional empiri-
cal likelihood, which take into account the full implications of conditional moment
restrictions. We propose three types of nonnested tests: the moment-encompassing,
Cox-type, and efficient score-encompassing tests. We derive the asymptotic null dis-
tributions and investigate their power properties against a sequence of local alterna-
tives and a fixed global alternative. Our tests have distinct global power properties
from some of the existing tests based on finite-dimensional unconditional moment
restrictions. Simulation experiments show that our tests have reasonable finite sam-
ple properties and dominate some of the existing nonnested tests in terms of size-
corrected powers.

1. INTRODUCTION

Econometric models are often written in the form of conditional moment re-
strictions. While researchers derive and estimate their conditional moment re-
striction models, those models are typically nonnested and should be evaluated
by some formal tests. This paper proposes nonnested tests for competing con-
ditional moment restriction models using a method of empirical likelihood. Our
tests are based on the method of conditional empirical likelihood (CEL) devel-
oped by Kitamura, Tripathi, and Ahn (2004) and Zhang and Gijbels (2003).1

By using the implied conditional probabilities from CEL, we develop three
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CEL-based nonnested tests: the moment-encompassing, Cox-type, and efficient
score-encompassing tests. Compared to the existing nonnested tests, which mainly
focus on testing parametric models or unconditional moment restrictions, our
approach tests conditional moment restrictions, which imply an infinite number
of unconditional moment restrictions. Our tests are asymptotically equivalent to
some unconditional moment-based tests under the null hypothesis and a sequence
of local alternatives. However, such equivalence does not hold under the alterna-
tive hypothesis, and hence the global power properties of our tests can be sig-
nificantly different from those of the unconditional moment-based tests. In other
words, our tests in general have nontrivial power against nonnested alternatives
that may not be detected by the unconditional moment-based tests. Simulation
experiments show that our tests dominate some of the existing nonnested tests in
terms of size-corrected powers.

Since Cox (1961, 1962), nonnested testing for competitive statistical models
has become a standard technique to evaluate the specification of a statistical model
against a specific alternative model.2 Singleton (1985), Ghysels and Hall (1990),
and Smith (1992) proposed nonnested testing procedures for unconditional mo-
ment restriction models. Those procedures are extended by Smith (1997) and
Ramalho and Smith (2002) to the generalized empirical likelihood (GEL) context.3

Ramalho and Smith (2002) focused on the implied unconditional probabilities
from the null unconditional moment restrictions and derived GEL analogs of the
moment-encompassing, Cox-type, and parametric-encompassing tests. We extend
the approach by Smith (1997) and Ramalho and Smith (2002) to test conditional
moment restriction models that imply an infinite number of unconditional mo-
ment restrictions. In particular, we employ the method of CEL to obtain the
implied conditional probabilities from the conditional moment restrictions and
develop nonnested test statistics based on these implied conditional probabili-
ties. Since the implied conditional probabilities contain all information from the
conditional moment restrictions, we can use those probabilities to define our test
statistics.

Since Owen (1988) and Qin and Lawless (1994), the method of empirical like-
lihood has become an attractive alternative against the conventional generalized
method of moments (GMM) approach.4 Kitamura (2001) and Newey and Smith
(2004) showed desirable asymptotic properties of empirical likelihood for testing
and estimating unconditional moment restriction models, respectively. To esti-
mate conditional moment restriction models, Kitamura et al. (2004) and Zhang
and Gijbels (2003) developed the method of CEL and showed that the CEL esti-
mator is asymptotically normal and efficient. Tripathi and Kitamura (2003)
proposed CEL-based consistent specification tests for conditional moment re-
strictions. This paper extends the CEL approach to nonnested testing problems.
Compared to Tripathi and Kitamura’s (2003) specification tests, our tests check
the validity of the null model against some specific alternative model, and our
test statistics converge at the parametric (or

√
n-) rate. However, as a cost of the

parametric convergence rate, our tests have implicit null hypotheses, i.e., sets of
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distributions where the tests do not have nontrivial power. Kitamura (2003) em-
ployed CEL as a model selection criterion and proposed a Vuong (1989) type dis-
crimination test for conditional moment restriction models, which tests whether
two competing models have the same Kullback-Leibler information divergence
(or relative entropy) from the true model. Our nonnested testing approach sets
one of the competing models as the null hypothesis and checks the validity of the
null model against an alternative model.

This paper is organized as follows: Section 2 introduces our basic set-up and
test statistics. In Sections 3.1 and 3.2 we derive the null distributions and local
power properties of the test statistics. Section 3.3 discusses the global power
properties of our tests and provides a sufficient condition for the consistency of
the Cox-type test. Section 3.4 compares the proposed tests with the existing un-
conditional moment-based tests. Section 4 reports simulation results. Section 5
concludes.

We use the following notation: The abbreviations “a.s.” and “w.p.a.1” mean
“almost surely” and “with probability approaching one,” respectively; ||A|| =√

trace(AA′) is the Frobenius norm for a scalar, vector, or matrix; A−, λmin (A),
and λmax (A) are a g-inverse, the minimum eigenvalue, and the maximum eigen-
value of a matrix A; respectively; I{A} is the indicator function for an event A;
int(A) is the interior of a set A; and a(i) means the i th component of a vector a.

2. SET-UP AND TEST STATISTICS

2.1. Nonnested Hypotheses

Suppose that we observe a random sample {xi , zi }n
i=1, where x ∈X ⊂ Rs and z ∈

Rdz . Let Fz and Fx be the σ -algebra for z and x , respectively. We assume that
Fz � Fx . Consider the two competing conditional moment restrictions:

Hg : E[g(z,β0)|x] = 0 a.s.x, (1)

Hh : E[h(z,γ0)|x] = 0 a.s. x,

where g : Rdz ×B→ Rdg and h : Rdz ×� → Rdh are known measurable func-
tions up to unknown parameters β0 ∈ B ⊂ Rdβ and γ0 ∈ � ⊂ Rdγ , respectively.5

Let Mz|x be the space of all conditional measures of z given x . The spaces of
conditional measures that satisfyHg andHh are written as

Gz|x = ∪β∈B
{

(μz|x )x∈X ∈Mz|x :
∫

g(z,β)dμz|x = 0 a.s. x

}
, (2)

Hz|x = ∪γ∈�

{
(μz|x )x∈X ∈Mz|x :

∫
h(z,γ )dμz|x = 0 a.s. x

}
,
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respectively. Let (μ0
z|x )x∈X be the true conditional measure of z given x . The

hypothesesHg andHh in (1) can be written alternatively as

Hg : (μ0
z|x )x∈X ∈ Gz|x ,

Hh : (μ0
z|x )x∈X ∈Hz|x .

It is assumed that the modelsHg andHh are nonnested, i.e.,

Gz|x �Hz|x and Hz|x � Gz|x . (3)

Note that the conditional moment restrictions Hg and Hh imply the following
unconditional moment restrictions:

HU
g : E

[
Qg (x)g(z,β0)

]= 0, (4)

HU
h : E[Qh (x)h(z,γ0)] = 0,

for any matrices of measurable functions Qg and Qh , respectively. Several papers
such as Singleton (1985), Smith (1992), and Ramalho and Smith (2002) proposed
various nonnested tests between the unconditional moment restrictions HU

g and

HU
h for some specific choices of Qg and Qh . However, if we are interested in the

validity of the original conditional moment restrictionHg orHh , the conventional
nonnested tests for HU

g or HU
h may not be appropriate in the following senses:

First, the choice of the weight matrices Qg(x) and Qh(x) can be arbitrary if we
are interested in testing (1); see also Kitamura (2006, Sec. 7) for this point. Our
tests defined below, however, directly test the conditional moment restrictions (1).
Second, there may be some alternative conditional moment restrictions where the
existing nonnested tests forHU

g orHU
h do not have nontrivial power. For example,

suppose that the true joint measure for (z, x) satisfies E
[
Qg (x)g(z,β0)

]= 0 but
E[Q̃g (x)g(z,β0)] 	= 0 for some Q̃g . Then although the original null hypothesis
Hg is violated, the existing nonnested tests based on HU

g cannot reject the null
hypothesis Hg . To be more precise, consider the spaces of conditional measures
that satisfyHU

g andHU
h , i.e.,

GU
z|x = ∪β∈B

{
(μz|x )x∈X ∈Mz|x :

∫ ∫
Qg (x)g(z,β)dμz|x dμx

= 0 for some μx

}
, (5)

HU
z|x = ∪γ∈�

{
(μz|x )x∈X ∈Mz|x :

∫ ∫
Qh (x)h(z,γ )dμz|x dμx

= 0 for some μx

}
,

respectively. SinceHg andHh implyHU
g andHU

h , respectively, we have Gz|x ⊂
GU

z|x and Hz|x ⊂ HU
z|x . We will see that our nonnested test statistics have well-

defined limiting distributions under (μ0
z|x )x∈X ∈ Gz|x but they generally diverge
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under (μ0
z|x )x∈X ∈ GU

z|x \Gz|x . However, nonnested test statistics based onHU
g are

generally (stochastically) bounded even if (μ0
z|x )x∈X ∈ GU

z|x \Gz|x . Therefore the
latter tests cannot detect those departures from Hg . See Sections 3.3 and 3.4 for
more detailed discussions.

This paper proposes three CEL-based nonnested tests for the conditional mo-
ment restrictionsHg againstHh .

2.2. Conditional Empirical Likelihood

This section introduces the CEL approach. CEL is nonparametric likelihood con-
structed by the conditional moment restrictions in (1). Let pg

ji for i, j = 1, . . . ,n
be multinomial conditional weights under the null hypothesis Hg , and wj i =

K
( xi −xj

bn

)
∑n

j=1 K
( xi −xj

bn

) be Nadaraya-Watson kernel weights, where K : Rs → R is a kernel

function and bn is a bandwidth parameter. We consider the following maximiza-
tion problem using pg

ji :

max
{pg

ji }n
i, j=1

n

∑
i=1

n

∑
j=1

wj i log pg
ji (6)

s.t. pg
ji ≥ 0,

n

∑
j=1

pg
ji = 1,

n

∑
j=1

pg
ji g
(
zj ,β
)= 0, for i, j = 1, . . . ,n.

The conditional moment restriction Hg is incorporated in the constraints ∑n
j=1

pg
ji g
(
zj ,β
) = 0 for i = 1, . . . ,n. This problem can be solved by the Lagrange

multiplier method. Let {μg
i }n

i=1 and {λg
i }n

i=1 be the Lagrange multipliers. The
Lagrangian is written as

L=
n

∑
i=1

n

∑
j=1

wj i log pg
ji −

n

∑
i=1

μ
g
i

(
n

∑
j=1

pg
ji −1

)
−

n

∑
i=1

λ
g′
i

(
n

∑
j=1

pg
ji g
(
zj ,β
))

.

The solution for pg
ji , the implied conditional probability, is obtained as

p̂g
ji (β) = wj i

1+λ
g
i (β)′ g

(
zj ,β
) , (7)

for i, j = 1, . . . ,n, where λ
g
i (β) satisfies

n

∑
j=1

wj i g
(
zj ,β
)

1+λ
g
i (β)′ g

(
zj ,β
) = 0, (8)

for i = 1, . . . ,n.6 If we do not impose the conditional moment restriction ∑n
j=1 pg

ji

g
(
zj ,β
) = 0 in (6), the solution of the unconstrained maximization problem is
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p̂N
ji = wj i for i, j = 1, . . . ,n. Using the implied conditional probabilities {p̂g

ji
(β)}n

i, j=1, the profile CEL function based onHg is defined as

�g (β) =
n

∑
i=1

Ii

n

∑
j=1

wj i log p̂g
ji (β) =

n

∑
i=1

Ii

n

∑
j=1

wj i log

(
wj i

1+λ
g
i (β)′ g

(
zj ,β
)
)

, (9)

where Ii = I {xi ∈ X∗} is a trimming term on a fixed subset X∗ ⊂ X . This trim-
ming term allows us to focus on specification testing over regions in X that are
empirically more relevant. It also avoids the boundary problem in kernel estima-
tion; see Tripathi and Kitamura (2003, p. 2062).

The CEL estimator is defined as β̂C E L = argmaxβ∈B �g (β). UnderHg , β̂C E L

is consistent and asymptotically normal (see Kitamura et al., 2004).7 In the same
manner, we can define CEL �h (γ ) based onHh and the CEL estimator γ̂C E L for
γ0. Kitamura (2003) showed that if Hg is misspecified, β̂C E L converges to the
pseudo-true value β∗

C E L , that is

β∗
C E L = argmin

β∈B
E

[
Ii max

λg∈Rdg
E
[
log
(
1+λg′g (zi ,β)

) |xi
]]

. (10)

The pseudo-true value γ ∗
C E L for γ̂C E L is defined in the same manner.

To construct the nonnested test statistics, we employ some
√

n-consistent esti-
mators β̂ and γ̂ for β0 and γ0, respectively. For example, β̂ and γ̂ may be the CEL
estimators or the GMM estimators based on the unconditional moment restrictions
in (4). Let β∗ and γ∗ be the pseudo-true values for β̂ and γ̂ , respectively. Given
β̂, the implied conditional probabilities fromHg are obtained as {p̂g

ji (β̂)}n
i, j=1 in

(7).8 By comparing p̂g
ji (β̂) and p̂N

ji , we develop three nonnested tests: the moment
encompassing, Cox-type, and efficient score-encompassing tests.

2.3. Test Statistics

2.3.1. Moment-Encompassing Test Statistic. We first define the CEL-based
moment-encompassing test statistic. The moment-encompassing approach is em-
ployed by Ghysels and Hall (1990) and Ramalho and Smith (2002), for example.
To test nonnested moment condition models, Ramalho and Smith (2002) consid-
ered a contrast of estimators for some moments based on the sample average and
weighted average using the GEL implied unconditional probabilities. Here we
incorporate the implied conditional probabilities to construct a contrast of esti-
mators of moments. Consider moment indicators in the form of m̃ (xi , zi ,β,γ ) =
M̂ (xi ,β,γ )′ m (zi ,β,γ ), where M̂ (xi ,β,γ ) is a dm ×dM possibly random matrix
of functions of {xi , zi }n

i=1 and m (zi ,β,γ ) is a dm × 1 vector of functions of zi .
A typical choice of m (zi ,β,γ ) is the moment function h (zi ,γ ) for the alternative
conditional moment restrictionsHh in (1). We assume that M̂(xi , β̂, γ̂ ) converges
to M (xi ,β0,γ∗) uniformly on xi ∈ X∗ (Assumption 3.2(iv)). For each element
of M̂ (xi ,β,γ ), we allow these cases: (i) constants or functions of (β,γ ), (ii) func-
tions of xi or (xi ,β,γ ), and (iii) weighted sums in the form of ∑n

j=1 wj i f
(
zj ,β,γ

)
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or functions of such weighted sums. For brevity, we use the same notation M̂(xi ,
β,γ ) and omit other arguments such as {xj }j 	=i and {zj }n

j=1. By using the implied

conditional probability p̂g
ji (β̂) and the unrestricted conditional probability p̂N

ji , we

consider the following contrast of estimators for E
[
m̃ (xi , zi ,β0,γ∗)

]
:

TM = 1

n

n

∑
i=1

Ii

n

∑
j=1

p̂g
ji (β̂)m̃(xi , zj , β̂, γ̂ )− 1

n

n

∑
i=1

Ii

n

∑
j=1

p̂N
ji m̃(xi , zj , β̂, γ̂ ), (11)

where the first term is a nonparametric sample analog of Ex [Ii Eg[m̃(xi , zi ,β0,
γ∗)|xi ]] using the implied conditional probability p̂g

ji (β̂) from Hg , and the sec-
ond term is a nonparametric sample analog of Ex [Ii E[m̃ (xi , zi ,β0,γ∗) |xi ]] using
the Nadaraya-Watson kernel weights p̂N

ji , where Eg[·|xi ] is the conditional expec-
tation taken underHg and Ex [·] is the expectation for x . If the null hypothesisHg

is correct, these nonparametric analogs have the same probability limit, and hence
we expect that TM converges to 0. On the other hand, if Hg is incorrect, the two
terms in (11) converge to different probability limits, and hence TM converges to
some nonzero constant vector. The moment indicator m̃

(
xi , zj ,β,γ

)
determines

the direction of misspecification. Let

Ji (β,γ )′ = E[m (zi ,β,γ )g(zi ,β)′|xi ], Vi (β) = E[g (zi ,β)g (zi ,β)′ |xi ],

Gi (β) = E[∂g (zi ,β)/∂β ′|xi ].

The CEL-based moment encompassing test statistic forHg is defined as

Mg = nT ′
M	̂−

M TM , (12)

where 	̂−
M is a consistent estimator for a g-inverse of 	M = E[ψ M

i (β0,γ∗)ψ M
i

(β0,γ∗)′],

ψ M
i (β,γ ) = −Ii M (xi ,β,γ )′ Ji (β,γ )′ Vi (β)−1 g(zi ,β)

+HM (β,γ )�ψ(xi , zi ,β),

HM (β,γ ) = E[Ii M (xi ,β,γ )′ Ji (β,γ )′ Vi (β)−1 Gi (β)].

Now � and ψ(xi , zi ,β) are defined in Assumption 3.1(ii), which assumes the
asymptotic linear form for β̂ underHg:

n1/2(β̂ −β0) = −n−1/2�
n

∑
i=1

ψ (xi , zi ,β0)+op(1). (13)

To obtain a specific form of 	̂−
M , we need to specify � and ψ (xi , zi ,β0). Section

2.3.4 provides an example for the case of the CEL estimator. The CEL-based
moment-encompassing test statistic forHh is defined in the same manner.
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2.3.2. Cox-Type Test Statistic. We next define the CEL-based Cox-type test
statistic based on Smith (1992, 1997) and Ramalho and Smith (2002). To con-
struct a nonnested test statistic for moment condition models, Smith (1992) con-
sidered a contrast of estimators for the probability limit of the GMM criterion
function. This idea is a natural generalization of the original nonnested test by
Cox (1961, 1962) to test nonnested parametric models. Smith (1997) and Ra-
malho and Smith (2002) extended this approach to the GEL criterion function.
We follow their approach and focus on the probability limit of the GMM-type (or
Euclidean) nonparametric likelihood. Let

ĥi (γ ) =
n

∑
j=1

wj i h
(
zj ,γ
)
, ĥg

i (γ ) =
n

∑
j=1

p̂g
ji (β̂)h

(
zj ,γ
)
,

V̂ h
i (γ ) =

n

∑
j=1

wj i h
(
zj ,γ
)

h
(
zj ,γ
)′

.

Note that ĥi (γ ), ĥg
i (γ ), and V̂ h

i (γ ) are nonparametric sample analogs of E
[
h
(
zi ,

γ
)|xi
]
, Eg
[
h
(
zi ,γ
)|xi
]
, and V h

i (γ ) = E
[
h (zi ,γ )h (zi ,γ )′ |xi

]
, respectively. By

using p̂g
ji (β̂) and p̂N

ji = wj i , we consider the following contrast of the Euclidean

likelihoods:9

TC = 1

n

n

∑
i=1

Ii ĥ
g
i

(
γ̂
)′

V̂ h
i

(
γ̂
)−1

ĥg
i

(
γ̂
)− 1

n

n

∑
i=1

Ii ĥi
(
γ̂
)′

V̂ h
i

(
γ̂
)−1

ĥi
(
γ̂
)
. (14)

We can expect that TC converges to 0 under the null hypothesis Hg because
both terms in TC converge to the same probability limit Ex [Ii Eg [h (zi ,γ∗) |xi ]′
V h

i (γ∗)−1Eg [h (zi ,γ∗) |xi ]]. On the other hand, under the alternative hypothesis
Hh , TC will converge to the probability limit Ex [Ii Eg [h (zi ,γ0) |xi ]′ V h

i (γ0)
−1Eg

[h (zi ,γ0) |xi ]], which is generally nonzero if the null and alternative hypotheses
are strictly nonnested; see Section 3.3 for details. Let J h

i (β,γ )′ =E[h (zi ,γ )g(zi ,
β)′|xi ]. Then the CEL-based Cox-type test statistic forHg is defined as

Cg =
√

nTC√
φ̂C

, (15)

where φ̂C is a consistent estimator of φC = E[ψC
i (β0,γ∗)2],

ψC
i (β,γ ) = −2Ii E[h (zi ,γ ) |xi ]

′ V h
i (γ )−1 J h

i (β,γ )′ Vi (β)−1 g(zi ,β)

+HC (β,γ )�ψ(xi , zi ,β),

HC (β,γ ) = 2E[Ii E[h (zi ,γ ) |xi ]
′ V h

i (γ )−1 J h
i (β,γ )′ Vi (β)−1 Gi (β)].

Now � and ψ(xi , zi ,β) are defined in (13). To obtain a specific form of φ̂C ,
we need to specify � and ψ (xi , zi ,β0). Section 2.3.4 provides an example for
the case of the CEL estimator. The CEL-based Cox-type test statistic for Hh is
defined in the same manner.
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2.3.3. Efficient Score-Encompassing Test Statistic. We finally introduce the
CEL-based efficient score-encompassing test statistic. We focus on the probability
limit of the asymptotic linear form of an asymptotically efficient estimator for γ0
underHh (i.e., the efficient score for estimating γ0):10

√
n
(
γ̂ −γ0

)= −I h (γ0)
−1 1√

n

n

∑
i=1

Ii G
h
i (γ0)

′ V h
i (γ0)

−1 h (zi ,γ0)+op (1) ,

where

I h (γ ) = E[Ii G
h
i (γ )′ V h

i (γ )−1 Gh
i (γ )], Gh

i (γ ) = E[∂h(zi ,γ )/∂γ ′|xi ].

Let Ĝh
i (γ ) = ∑n

j=1 wj i∂h
(
zj ,γ
)
/∂γ ′. By using p̂g

ji (β̂) and p̂N
ji = wj i , we con-

sider the following contrast of the efficient score:

TS = 1

n

n

∑
i=1

Ii Ĝ
h
i

(
γ̂
)′

V̂ h
i

(
γ̂
)−1

ĥg
i

(
γ̂
)− 1

n

n

∑
i=1

Ii Ĝ
h
i

(
γ̂
)′

V̂ h
i

(
γ̂
)−1

ĥi
(
γ̂
)
. (16)

Based on the contrast TS , the efficient score-encompassing test can be considered
as a special case of the moment-encompassing test by setting m̃(xi , zj , β̂, γ̂ ) =
Ĝh

i

(
γ̂
)′

V̂ h
i

(
γ̂
)−1

h
(
zj , γ̂
)
. The CEL-based efficient score-encompassing test

statistic is defined as

Sg = nT ′
S	̂−

S TS, (17)

where 	̂−
S is a consistent estimator for a g-inverse of 	S = E[ψ S

i (β0,γ∗)ψ S
i (β0,

γ∗)′],

ψ S
i (β,γ ) = −Ii G

h
i (γ )′V h

i (γ )−1 J h
i (β,γ )′ Vi (β)−1 g(zi ,β)

+HS (β,γ )�ψ(xi , zi ,β),

HS (β,γ ) = E[Ii G
h
i (γ )′V h

i (γ )−1 J h
i (β,γ )′ Vi (β)−1 Gi (β)].

Now � and ψ(xi , zi ,β) are defined in (13). To obtain a specific form of 	̂−
S ,

we need to specify � and ψ (xi , zi ,β0). Section 2.3.4 provides an example for
the case of the CEL estimator. The CEL-based efficient score-encompassing test
statistic forHh is defined in the same manner.

2.3.4. Special Case: Test Statistics with the CEL Estimator. Suppose that we
use the CEL estimator β̂C E L for β0. Then from Kitamura et al. (2004), the asymp-
totic linear form of β̂C E L is written as

√
n(β̂C E L −β0) = −I (β0)

−1 1√
n

n

∑
i=1

Ii Gi (β0)
′ Vi (β0)

−1 g (zi ,β0)+op (1) ,
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where I (β) = E
[
Ii Gi (β)′ Vi (β)−1 Gi (β)

]
. Let

V̂i (β) =
n

∑
j=1

wj i g(zj ,β)g(zj ,β)′, Ĝi (β) =
n

∑
j=1

wj i∂g
(
zj ,β
)
/∂β ′,

Ĵi (β,γ )′ =
n

∑
j=1

wj i m
(
zj ,β,γ

)
g(zj ,β)′, Ĵ h

i (β,γ )′ =
n

∑
j=1

wj i h
(
zj ,γ
)
g(zj ,β)′.

By setting � = I (β0)
−1 and ψ (xi , zi ,β0) = Ii Gi (β0)

′ Vi (β0)
−1 g (zi ,β0) in (12),

(15), and (17), the CEL-based nonnested test statistics are obtained by the follow-
ing simpler forms:

(i) the moment-encompassing test statistic:

Mg,CEL = nT ′
M	̂−

M,CELTM , (18)

	̂M,CEL = n−1 ×RSS from regression of Ii V̂i (β̂CEL)−1/2 Ĵi (β̂CEL, γ̂ )

×M̂(xi , β̂CEL, γ̂ ) on Ii V̂i (β̂CEL)−1/2Ĝi (β̂CEL),

(ii) the Cox-type test statistic:

Cg,CEL =
√

nTC√
φ̂C,CEL

, (19)

φ̂C,CEL = n−1 ×RSS from regression of 2Ii V̂i (β̂CEL)−1/2 Ĵ h
i (β̂CEL, γ̂ )

×V̂ h
i (γ̂ )−1ĥi (γ̂ ) on Ii V̂i (β̂CEL)−1/2Ĝi (β̂CEL),

(iii) the efficient score-encompassing test statistic:

Sg,CEL = nT ′
S	̂

−
S,CELTS, (20)

	̂S,CEL = n−1 ×RSS from regression of Ii V̂i (β̂CEL)−1/2 Ĵ h
i (β̂CEL, γ̂ )

× V̂ h
i (γ̂ )−1Ĝh

i (γ̂ ) on Ii V̂i (β̂CEL)−1/2Ĝi (β̂CEL),

where RSS denotes the residual sum of squares and γ̂ may be any√
n-consistent estimator for the pseudo-true value γ∗.

The asymptotic properties obtained in the next section hold for the above test
statistics as well. The CEL estimator β̂CEL in the above formulas can be replaced
with other semiparametric efficient estimators by Newey (1990) and Donald,
Imbens, and Newey (2003), for example.
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3. ASYMPTOTIC PROPERTIES

3.1. Null Distributions

In this section we derive the asymptotic distributions of the CEL-based nonnested
test statistics under the null hypothesisHg . We impose some assumptions.

Assumption 3.1.

(i) Assume {xi , zi }n
i=1 is an i.i.d. sample on X × Rdz , x is continuously dis-

tributed with density f , X∗ is compact and contained in int(X ), and
infx∈X∗ f (x) > 0.

(ii) Assume β0 ∈ int (B), and β̂ satisfies n1/2(β̂ − β0) = −n−1/2�∑n
i=1 ψ(

xi , zi ,β0
)+op(1), where � is a dβ ×dβ nonstochastic matrix, E

[
ψ(x, z,

β0)
]= 0, and E[||ψ(x, z,β0)||ξ ] < ∞ for some ξ > 2.

(iii) Let
∥∥γ̂ −γ∗

∥∥= Op(n−1/2).

(iv) Let K (x) = �s
i=1κ(x (i)), where κ is a continuously differentiable pdf with

support [−1,1], symmetric around the origin, and infx∈[−k̄,k̄] κ (x) > 0 for
some k̄ ∈ (0,1).

(v) Assume bn satisfies bn → 0 as n → ∞ and bn = O(n−α) for some 0 <
α < 1

3s .

Assumption 3.2.

(i) Assume E[supβ∈B ‖g (z,β)‖ζ ] < ∞ for some ζ ≥ 6.

(ii) Assume f (x) and E[g (z,β0)g (z,β0)
′ |x] are twice continuously differ-

entiable on X , E
[
∂g (z,β0)/∂β

′|x] is continuous on X , f (x) and E[
∥∥g

(z,β0)
∥∥ζ |x] f (x) are uniformly bounded on X , and infx∈X∗ λmin(E[g

(z,β0)g (z,β0)
′ |x]) > 0.

(iii) Assume g (z,β) is twice continuously differentiable a.s. on a neighbor-
hood B0 around β0, for i = 1, . . . ,dg and j = 1, . . . ,dβ , supβ∈B0

|∂g(i) (z,β)/∂β( j)| ≤ d1 (z) holds a.s. for a real-valued function d1 (z)
with E

[
d1 (z)η

]
< ∞ for some η ≥ 6, and for i = 1, . . . ,dg and

j,k = 1, . . . ,dβ, supβ∈B0
|∂2g(i) (z,β)/∂β( j)∂β(k)| ≤ d2 (z) holds a.s.

for a real-valued function d2 (z) with E
[
d2 (z)η2

]
< ∞ for some η2 ≥ 2.

(iv) Assume supx∈X∗ ||M̂(x, β̂, γ̂ ) − M (x,β0,γ∗) || p→ 0, M (x,β0,γ∗) is
uniformly bounded on X∗, E[supβ∈B,γ∈� ‖m (z,β,γ )‖ζm ] < ∞ for
some ζm ≥ 6, m (z,β,γ ) is continuously differentiable a.s. on a neigh-
borhood B0 ×�∗ around (β0,γ∗), and for i = 1, . . . ,dm and j = 1, . . . ,dβ

+ dγ , sup(β,γ )∈B0×�∗ |∂m(i) (z,β,γ )/∂
(
β ′,γ ′)( j) | ≤ dm (z) holds a.s.

for a real-valued function dm (z) with E
[
dm (z)ηm

]
< ∞ for some ηm ≥ 6.
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(v) For the moment-encompassing test, 	M is nonnull and 	̂−
M

p→ 	−
M . For

the Cox-type test, φC is positive. For the efficient score-encompassing test,

	S is nonnull and 	̂−
S

p→ 	−
S .

(vi) Assume infx∈X∗ λmin(E[h (z,γ∗)h (z,γ∗)′ |x]) > 0 and supx∈X∗ λmax(E[h
(z,γ∗)h (z,γ∗)′ |x]) < ∞.

In Assumption 3.1(i), although x should be continuous, z can be continuous,
discrete, or mixed.11 Assumption 3.1(ii) assumes the asymptotic linear form for
β̂ that implies the asymptotic normality of β̂. This assumption holds for a num-
ber of parametric and semiparametric estimators. Assumption 3.1(iii) imposes
the

√
n-consistency of γ̂ to the pseudo-true value γ∗. Depending on the estima-

tion method, γ∗ may be different. Assumption 3.1(iv) and (v) are conditions for
the kernel function K and the bandwidth bn , respectively. Assumption 3.1(iv) as-
sumes that the kernel function should be second-order. Assumption 3.1(v)
implies that the bandwidth bn can vanish arbitrarily slowly.12 Tripathi and Kita-
mura (2003) and Kitamura et al. (2004) employ similar assumptions. Assump-
tion 3.2(i)–(iii) are conditions for the moment function g (z,β). These are mainly
used to derive uniform convergence rates of nonparametric components such as
V̂i (β̂) and Ĝi (β̂). Assumption 3.2(iv) is a set of conditions for the moment indi-
cator m̃ (x, z,β,γ ). Assumption 3.2(v) is required to obtain nondegenerate lim-
iting distributions of the test statistics. Primitive conditions for the consistency
of 	̂−

M and 	̂−
S can be found in Andrews (1987). Assumption 3.2(vi) guaran-

tees that V h
i

(
γ̂
)

is invertible uniformly on xi ∈ X∗ w.p.a.1. Let ĝi (β) = ∑n
j=1 wj i

g(zj ,β). The null distributions of the CEL-based nonnested test statistics are then
obtained below.

THEOREM 3.1 (Null distribution).

(i) Suppose that Assumptions 3.1 and 3.2(i)–(v) hold. Then under the null
hypothesisHg,

Mg
d→ χ2

rank(	M ).

(ii) Suppose that Assumptions 3.1 and 3.2(i)–(iii), (v), and (vi) hold. Further-
more, Assumption 3.2(iv) holds for m (zi ,β,γ ) = h (zi ,γ ), M̂(xi ,β,γ )′ =
{2ĥi (γ ) − Ĵ h

i (β,γ )V̂i (β)−1ĝi (β)}′V̂ h
i (γ )−1, and M(xi ,β,γ )′ = 2E

[h (zi ,γ ) |xi ]′ V h
i (γ )−1.13 Then under the null hypothesisHg,

Cg
d→ N (0,1) .

(iii) Suppose that Assumptions 3.1 and 3.2(i)–(iii), (v), and (vi) hold. Further-
more, Assumption 3.2(iv) holds for m (zi ,β,γ ) = h (zi ,γ ), M̂(xi ,β,γ )′ =
Ĝh

i (γ )′ V̂ h
i (γ )−1, and M(xi ,β,γ )′ = Gh

i (γ )′V h
i (γ )−1. Then under the

null hypothesisHg,

Sg
d→ χ2

rank(	S).
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Therefore these nonnested test statistics follow the standard limiting distribu-
tions. Compared to Tripathi and Kitamura’s (2003) CEL-based specification test
statistics, our nonnested test statistics show the parametric convergence rate. Ac-
tually, the proof of Theorem 3.1 presented in the Appendix indicates that under
the null hypothesis Hg our nonnested test statistics are asymptotically equiva-
lent to some unconditional moment restriction test statistics. The main effort of
the proof is devoted to establishing such asymptotic equivalence results. How-
ever, this asymptotic equivalence holds true only under the null and a sequence
of local alternative hypotheses; see Section 3.3 for a detailed discussion. For (ii)
and (iii) of this theorem, the assumptions on m (z,β,γ ) and M̂(x,β,γ ) can be
replaced with more primitive conditions, such as the conditions obtained by re-
placing g(z,β), β0, B, and B0 in Assumption 3.2(i)–(iii) with h(z,γ ), γ∗, �, and
�∗, respectively.

3.2. Local Power

This section studies local power properties of the CEL-based nonnested tests. We
assume that the joint distribution of (x, z) is fixed and that there exists a non-
stochastic sequence β0n ∈ B such that

Hgn : E[g (z,β0n) |x] = n−1/2δh (x) (21)

holds a.s. for some δh : X → Rdg . The null hypothesisHg is satisfied if δh (x) =
0.14 To obtain the local power properties, we impose additional assumptions.

Assumption 3.3.

(i) Assume δh (x) is continuous on X , E[‖δh (x)‖ζ ] < ∞, ‖β0n −β0‖ → 0 as
n → ∞, β0 ∈ int(B), and n1/2(β̂ −β0n) = −n−1/2�∑n

i=1 ψ (xi , zi ,β0n)+
op(1), where � is a dβ × dβ nonstochastic matrix, E[ψ (x, z,β0n) |x] =
n−1/2δψ (x), δψ (x) is continuous on X , and E[

∥∥δψ (x)
∥∥ξ ] < ∞ for some

ξ > 2.

(ii) Assume f (x) and E[g (z,β)g (z,β)′ |x] are twice continuously differen-
tiable on X for each β ∈ B0, E[g (z,β)g (z,β)′ |x] and E[∂g (z,β)/∂β ′|x]
are continuous on X ×B0, f (x) and supβ∈B0

E[‖g (z,β)‖ζ |x] f (x) are
uniformly bounded on X , inf(x,β)∈X∗×B0 λmin(E[g (z,β)g (z,β)′ |x]) > 0,
and sup(x,β)∈X∗×B0

λmax(E[g (z,β)g (z,β)′ |x]) < ∞.

(iii) Assume supx∈X∗ ||M̂(x, β̂, γ̂ ) − M (x,β0n,γ∗) || p→ 0, supβ∈B0
M
(
x,β,

γ∗
)

is uniformly bounded on X∗, E[supβ∈B,γ∈� ‖m (z,β,γ )‖ζm ] < ∞ for
some ζm ≥ 6, m (z,β,γ ) is continuously differentiable a.s. on a neighbor-
hood B0 ×�∗ around (β0,γ∗), and for i = 1, . . . ,dm and j = 1, . . . ,dβ +
dγ , sup(β,γ )∈B0×�∗ |∂m(i) (z,β,γ )/∂

(
β ′,γ ′)( j) | ≤ dm (z) holds a.s. for a

real-valued function dm (z) with E
[
dm (z)ηm

]
< ∞ for some ηm ≥ 6.
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Assumption 3.3(i), (ii), and (iii) are extensions of Assumptions 3.1(ii) and
3.2(ii) and (iv), respectively. Let χ2

d (v) be the noncentral chi-square distribution
with the degree of freedom d and the noncentrality parameter v . The local power
properties of the CEL-based nonnested test statistics are obtained below.

THEOREM 3.2 (Local power).

(i) Suppose that Assumptions 3.1(i) and (iii)–(v); 3.2(i), (iii), and (v); and 3.3
hold. Then under the local alternative hypothesisHgn,

Mg
d→ χ2

rank(	M )

(
μ′

M	−
MμM

)
,

where μM = −E
[
Ii M (xi ,β0,γ∗)′ Ji (β0,γ∗)′ Vi (β0)

−1 δh (xi )
]+ HM

(
β0,

γ∗
)
�E
[
δψ (xi )

]
.

(ii) Suppose that Assumptions 3.1(i) and (iii)–(v); 3.2(i), (iii), (v), and (vi);
and 3.3(i) and (ii) hold. Furthermore, Assumption 3.3(iii) holds for m
(zi ,β,γ ) = h (zi ,γ ), M̂(xi ,β,γ )′ = {2ĥi (γ ) − Ĵ h

i (β,γ )V̂i (β)−1ĝi (β)}′
V̂ h

i (γ )−1, and M(xi ,β,γ )′ = 2E[h (zi ,γ ) |xi ]′ V h
i (γ )−1. Then under the

local alternative hypothesisHgn,

Cg
d→ N (φ

−1/2
C μC ,1),

where μC = −2E
[
Ii E[h (zi ,γ∗) |xi ]′ V h

i (γ∗)−1 J h
i (β0,γ∗)′ Vi (β0)

−1

δh (xi )
]+ HC (β0,γ∗)�E

[
δψ (xi )

]
.

(iii) Suppose that Assumptions 3.1(i) and (iii)–(v); 3.2(i), (iii), (v), and (vi);
and 3.3(i) and (ii) hold. Furthermore, Assumption 3.3(iii) holds for m
(zi ,β,γ) = h (zi ,γ), M̂(xi ,β,γ )′ = Ĝh

i (γ)′ V̂ h
i (γ )−1, and M(xi ,β,γ)′ =

Gh
i (γ )′V h

i (γ )−1. Then under the local alternative hypothesisHgn,

Sg
d→ χ2

rank(	S)

(
μ′

S	−
S μS
)
,

where μS = −E
[
Ii Gh

i (γ∗)′ V h
i (γ∗)−1 J h

i (β0,γ∗)′ Vi (β0)
−1 δh (xi )

]+ HS

(β0,γ∗)�E
[
δψ (xi )

]
.

For (ii) and (iii) of Theorem 3.2, we can replace the assumptions on m (z,β,γ )
and M̂(x,β,γ ) with more primitive conditions, such as the conditions obtained
by replacing g(z,β), β0, B, and B0 in Assumptions 3.2(i) and (iii) and 3.3(ii) with
h(z,γ ), γ∗, �, and �∗, respectively. Similar to the existing nonnested tests, the lo-
cal power functions are obtained from the standard noncentral distributions. While
the CEL-based specification test by Tripathi and Kitamura (2003) has nontrivial
power against local alternatives with a nonparametric rate (i.e., n−1/2b−s/4

n δh(x)),
our CEL-based nonnested tests have nontrivial power against local alternatives
with the parametric rate (i.e., n−1/2δh(x)). However, at the cost of the paramet-
ric rate, our nonnested tests require additional conditions to guarantee that the
noncentrality parameters μM , μC , and μS are nonzero.
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The proof of Theorem 3.2 implies that under the local alternative hypothesis
Hgn the test statistics Mg , Cg , and Sg are asymptotically equivalent to some un-
conditional moment restriction test statistics. Thus we can apply the results of
Singleton (1985) and Ramalho and Smith (2002) to analyze the local power op-
timality. We can show that the nonnested tests defined by Mg , Cg , and Sg have
asymptotic local optimal power against local alternatives (or choices of δh(x) and
δψ(x)) such that μM = 	M a, μC = φC a, and μS = 	Sa, respectively, for some
nonzero vector or constant a.

3.3. Global Power

We now analyze the global power properties of the CEL-based nonnested tests
under the alternative hypothesisHh . Assume that underHh the estimators β̂ and
γ̂ converge in probability to the pseudo-true values β∗ and γ0, respectively. Define

λg∗ (x,β) = argmax
λ∈Rdg

E
[
log
(
1+λ′g (z,β)

) |x] , (22)

which is interpreted as the pseudo-true value of the Lagrange multiplier λ
g
i (β).

From Kitamura (2003), we can show that maxi∈{i :xi ∈X∗,1≤i≤n} ||λg
i (β̂) − λ

g∗(xi ,

β∗)|| p→ 0 underHh . Note that underHh , λ
g∗ (x,β∗) is generally nonzero. Let

Ji∗ (β,γ )′ = E

[
m (zi ,β,γ )g(zi ,β)′

1+λ
g∗ (xi ,β)′ g(zi ,β)

∣∣∣∣ xi

]
,

J h
i∗ (β,γ )′ = E

[
h (zi ,γ )g(zi ,β)′

1+λ
g∗ (xi ,β)′ g(zi ,β)

∣∣∣∣ xi

]
.

Let B∗ and �0 be neighborhoods around β∗ and γ0, respectively. The global power
properties are obtained below.

THEOREM 3.3 (Global power).

(i) Suppose that for β∗, γ0, B∗, and �0 instead of β0, γ∗, B0, and �∗, respec-
tively, Assumptions 3.1 and 3.2(i)–(iv) hold. Furthermore, assume that the
probability limit of 	̂M under Hh (denoted 	hM ) is nonnull. Then under
the alternative hypothesisHh, the CEL-based moment-encompassing test
by Mg is consistent if μ′

hM	−
hMμhM > 0, where

μhM = −E
[
Ii M(xi ,β∗,γ0)

′ Ji∗ (β∗,γ0)
′ λg∗ (xi ,β∗)

]
.

(ii) Suppose that for β∗, γ0, B∗, and �0 instead of β0, γ∗, B0, and �∗, respec-
tively, Assumptions 3.1 and 3.2(i)–(iii) and (vi) hold. Furthermore, as-
sume that the probability limit of φ̂C underHh (denoted φhC ) is positive,
and Assumption 3.2(iv) holds for m (zi ,β,γ ) = h (zi ,γ ), M̂(xi ,β,γ ) =
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∑n
j=1 wj i

h(zj ,γ )

1+λ
g
i (β)′g(zj ,β)

, and M(xi ,β,γ ) = E
[

h(zi ,γ )

1+λ
g∗(xi ,β)′g(zi ,β)

∣∣∣ xi

]
. Then

under the alternative hypothesis Hh, the CEL-based Cox-type test by Cg

is consistent if μhC/
√

φhC 	= 0, where

μhC = E

[
Ii E

[
h (zi ,γ0)

1+λ
g∗ (xi ,β∗)′ g(zi ,β∗)

∣∣∣∣ xi

]′
V h

i (γ0)
−1

×E

[
h (zi ,γ0)

1+λ
g∗ (xi ,β∗)′ g(zi ,β∗)

∣∣∣∣ xi

]]
.

(iii) Suppose that for β∗, γ0, B∗, and �0 instead of β0, γ∗, B0, and �∗, respec-
tively, Assumptions 3.1 and 3.2(i)–(iii) and (vi) hold. Furthermore, as-
sume that the probability limit of 	̂S underHh (denoted 	hS) is nonnull,
and Assumption 3.2(iv) holds for m (zi ,β,γ ) = h (zi ,γ ), M̂(xi ,β,γ )′ =
Ĝh

i (γ )′ V̂ h
i (γ )−1, and M(xi ,β,γ )′ = Gh

i (γ )′V h
i (γ )−1. Then under the

alternative hypothesisHh, the CEL-based efficient score test by Sg is con-
sistent if μ′

hS	−
hSμhS > 0, where

μhS = −E
[

Ii G
h
i (γ0)

′ V h
i (γ0)

−1 J h
i∗ (β∗,γ0)

′ λg∗ (xi ,β∗)
]
.

The noncentrality parameters μhM , μhC , and μhS depend on λ
g∗ (xi ,β∗), the

probability limit of the Lagrange multiplier λ
g
i (β̂). Since λ

g
i (β̂) does not converge

to 0 underHh in general, the asymptotic relation λ
g
i (β̂) = V̂i (β̂)−1ĝi (β̂)+op(1)

(see Lemma A.4) no longer holds underHh . Thus it is generally difficult to obtain
an explicit form (or approximation) for those noncentrality parameters in terms of
the moment function g(zi ,β∗) instead of λ

g∗ (xi ,β∗).
The implications of Theorem 3.3 are as follows: First, consider the moment-

encompassing and efficient score-encompassing tests. Under the alternative hy-
pothesis Hh , these two tests have nontrivial asymptotic global power as far as
μ′

hM	−
hMμhM 	= 0 and μ′

hS	−
hSμhS 	= 0. However, even when λ

g∗ (xi ,β∗) is
nonzero it is possible that the marginal measure for xi satisfies μhM = 0 or μhS =
0, which in turn yields 0 noncentrality parameters, i.e., μ′

hM	−
hMμhM = 0 or

μ′
hS	−

hSμhS = 0. This drawback, called the implicit null hypothesis, is common
in the nonnested hypotheses and encompassing testing literature. Using the nota-
tion of Section 2.1, this inconsistency problem can be interpreted as the discrep-
ancy between Hz|x (the set of conditional measures satisfying Hh) and HM

z|x ={
(μz|x )x∈X ∈Mz|x : μ′

hM	−
hMμhM = 0 for some μx

}
or HS

z|x = {(μz|x )x∈X ∈
Mz|x : μ′

hS	−
hSμhS = 0 for some μx

}
.

Next we discuss the global power property of the Cox-type test. Since φhC

is finite under very mild conditions, we focus on the conditions for μhC 	= 0.
If V h

i (γ0) = E
[
h (zi ,γ0)h (zi ,γ0)

′ |xi
]

is positive definite (a.s. xi ) under Hh , a
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sufficient condition for μhC 	= 0 is

E

[
h (z,γ0)

1+λ
g∗ (x,β∗)′ g(z,β∗)

∣∣∣∣ x
]

=
∫ h (z,γ0)

1+λ
g∗ (x,β∗)′ g(z,β∗)

dμ0
z|x

=
∫

h (z,γ0) dP∗
z|x 	= 0, (23)

for some subset of X , where the conditional measure (P∗
z|x )x∈X is defined by

d P∗
z|x

dμ0
z|x

= 1

1+λ
g∗ (x,β∗)′ g(z,β∗)

.

Suppose that β∗ is the pseudo-true value of the CEL estimator β̂CEL and the sup-
port of g(z,β) is bounded a.s. for all β ∈ B. Then Kitamura (2003) showed that
(P∗

z|x )x∈X becomes the best approximation of the true conditional measure μ0
z|x

to the space of conditional measures Gz|x satisfying Hg by the conditional rela-
tive entropy, and that it satisfies (P∗

z|x )x∈X ∈ Gz|x .15 For simplicity, assume that

Hg andHh are strictly nonnested, i.e., Gz|x ∩Hz|x = φ.16 Then (P∗
z|x )x∈X ∈ Gz|x

implies (P∗
z|x )x∈X /∈Hz|x and hence condition (23) holds. Thus the Cox-type test

is always consistent in this case. This result is summarized below.

COROLLARY 3.1 (A sufficient condition for the consistency of the Cox-type
test). Suppose that Gz|x ∩Hz|x = φ and the same assumptions as Theorem 3.3(ii)
hold for the CEL estimator β̂C E L . Furthermore, assume that (i) φhC < ∞; (ii)
V h

i (γ0) is positive definite (a.s. xi ); and (iii) the support of g(z,β) is bounded
a.s. for all β ∈ B. Then the Cox test is consistent againstHh.

Note that this corollary does not require somewhat artificial assumptions such
as μ′

hM	−
hMμhM 	= 0 and μ′

hS	−
hSμhS 	= 0 in the moment-encompassing and ef-

ficient score-encompassing tests, respectively. Although the bounded support as-
sumption for g(z,β) can be restrictive in some contexts, this assumption is very
easy to check.17 Another important requirement is that we must use the CEL esti-
mator β̂C E L to obtain the above corollary. If we employ a different estimator, its
pseudo-true value β∗ may differ from that of the CEL estimator, and the result of
Kitamura (2003) is not applicable.18

3.4. Comparison with Unconditional Moment-Based Tests

This section compares the proposed (conditional moment-based) nonnested tests
with the unconditional moment-based tests. Under the null hypothesis Hg :
(μ0

z|x )x∈X ∈ Gz|x , the statistics TM , TC , and TS can be respectively written as
(see (A.10), (A.16), and (A.18) in the Appendix)
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TM = −1

n

n

∑
i=1

Ii M̂(xi , β̂, γ̂ )′ Ĵi (β̂, γ̂ )′V̂i (β̂)−1ĝi (β̂)+op(n
−1/2),

TC = −1

n

n

∑
i=1

Ii

{
2ĥi (γ̂ )− Ĵ h

i (β̂, γ̂ )′V̂i (β̂)−1ĝi (β̂)
}′

V̂ h
i (γ̂ )−1 Ĵ h

i (β̂, γ̂ )′

×V̂i (β̂)−1ĝi (β̂)+op(n
−1/2), (24)

TS = −1

n

n

∑
i=1

Ii Ĝ
h
i (γ̂ )′V̂ h

i (γ̂ )−1 Ĵ h
i (β̂, γ̂ )′V̂i (β̂)−1ĝi (β̂)+op(n

−1/2).

Based on the above relationships, we may consider testing for the following un-
conditional moment restrictions:

HU
g : E[Ii Qa (xi ,β0,γ∗)g(zi ,β0)] = 0, a = M,C, S, (25)

where

QM (xi ,β,γ ) = M(xi ,β,γ )′ Ji (β,γ )′Vi (β)−1,

QC (xi ,β,γ ) =
{

2E[h(zi ,γ )|x]− J h
i (β,γ )′ Vi (β)−1 E[g(zi ,β)|x]

}′

×V h
i (γ )−1 J h

i (β,γ )′ Vi (β)−1 ,

QS (xi ,β,γ ) = Gh
i (γ )′V h

i (γ )−1 J h
i (β,γ )′Vi (β)−1.

From Smith (1997), these unconditional moment restrictions can be tested by us-
ing the sample analogs T U

a = n−1 ∑n
i=1 Q̂a(xi , β̂, γ̂ )g(zi , β̂) for a = M , C , and S,

where Q̂a(xi ,β,γ ) is a nonparametric estimator for Qa (x,β,γ ). We can show
that under the original null hypothesis Hg : (μ0

z|x )x∈X ∈ Gz|x and the local alter-

native hypothesisHgn , Ta and T U
a are asymptotically equivalent, i.e.,

n1/2Ta = n1/2T U
a +op(1), a = M,C, S underHg andHgn .

In other words, we can construct unconditional moment restrictions whose test
statistics have the same asymptotic properties under the null and and local al-
ternative hypotheses as our nonnested test statistics. However, an inspection of
the proofs in the Appendix shows that such an asymptotic equivalence generally
does not hold underHh because the remainder terms (in Taylor expansions to get
(A.10), (A.16), and (A.18)) generally do not vanish under Hh . Thus, under Hh ,
Ta and T U

a have different noncentrality parameters, i.e.,

Ta
p→ μha,

T U
a

p→ E[Qa (xi ,β∗,γ0)g(zi ,β∗)] ,
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where μha is defined in Theorem 3.3. In this sense, our tests cannot be regarded
as special cases of unconditional moment tests. Section 4 compares those global
power properties in finite samples.

We do not claim that our tests are more powerful than unconditional moment-
based tests against all alternative conditional moment restrictions. Indeed, our
tests can be useful complements to the unconditional moment-based tests. To see
more specifically, denote

Ga
z|x = ∪β∈B

{
(μz|x )x∈X ∈Mz|x :

∫ ∫
Qa (x,β,γ∗)g(z,β)dμz|x dμx = 0 for some μx

}
.

Note that Gz|x ⊂ Ga
z|x . Suppose (μ0

z|x )x∈X ∈ Ga
z|x \Gz|x , i.e., the original null hy-

pothesis Hg is violated but HU
g holds. Then the test based on T U

a is inconsistent
since E[Qa (xi ,β∗,γ0)g(zi ,β∗)] = 0, whereas our test based on Ta can be con-
sistent as far as μha 	= 0. We also analyze this situation in simulation studies in
the next section.

Finally, it should be noted that the unconditional counterpart of the Cox-type
statistic (i.e., T U

C ) does not yield the consistency result as in Corollary 3.1 under
the same assumptions.

4. SIMULATIONS

This section examines the finite sample properties of our tests against some of the
existing nonnested tests using Monte Carlo simulations.

4.1. Experimental Designs

We consider two simulation designs. In Design I we consider the two competing
linear regression models: for i = 1, . . . ,n,

Hg : yi = β01 +β02x1i +ugi (26)

Hh : yi = γ01 +γ02x2i +uhi ,

where x1i = c0x2i + ei for c0 ∈ {1,2}, {x2i } and {ei } are i.i.d. N (0,1), {ugi } and
{uhi } are i.i.d. N (0,4), and the true parameters are given by β0 = (β01,β02)

′ =
(1,1)′ and γ0 = (γ01,γ02)

′ = (1,1)′. Note that the hypotheses (26) correspond to
the conditional moment restrictions in (1) with g(z,β0) = y − β01 − β02x1 and
h(z,γ0) = y −γ01 −γ02x2, where z = (y, x1, x2)

′ and x = (x1, x2)
′.

On the other hand, in Design II we consider the following regression models:
for i = 1, . . . ,n,

Hg : yi = β0xi +ugi (27)

Hh : yi = γ0x3
i +uhi ,
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where {xi }, {ugi }, and {uhi } are i.i.d. N (0,1) and β0 = γ0 = 1. The hypotheses
(27) correspond to (1) with g(z,β0) = y − β0x and h(z,γ0) = y − γ0x3, where
z = (y, x)′.

To calculate our test statistics, we use the CEL estimators β̂C E L and γ̂C E L to
estimate β0 and γ0, respectively. The moment-encompassing, Cox-type, and effi-
cient score-encompassing test statistics used in our simulations are then defined
by (18), (19), and (20), respectively, with Ii = 1 (i.e., no trimming), M̂(x,β,γ ) =
1, and m(z,β,γ ) = h(z,γ ).

To compare our tests with those based on unconditional moments, we consider
the following unconditional versions of our test statistics using the first-order ex-
pansions (24), under the null hypothesisHg:

MU
g = nT U ′

M 	̂−
M,CELT U

M , (28)

CU
g = n

(
T U

C

)2
/φ̂C,CEL, (29)

SU
g = nT U ′

S 	̂−
S,CELT U

S , (30)

where

T U
M = 1

n

n

∑
i=1

Ii M̂(xi , β̂, γ̂ )′ Ĵi (β̂, γ̂ )′V̂i (β̂)−1g(zi , β̂), (31)

T U
C = 1

n

n

∑
i=1

Ii{2ĥi (γ̂ )− Ĵ h
i (β̂, γ̂ )′V̂i (β̂)−1ĝi (β̂)}′V̂ h

i

(
γ̂
)−1

Ĵ h
i (β̂, γ̂ )′

×V̂i (β̂)−1g(zi , β̂), (32)

T U
S = 1

n

n

∑
i=1

Ii Ĝ
h
i (γ̂ )′V̂ h

i (γ̂ )−1 Ĵ h
i (β̂, γ̂ )′V̂i (β̂)−1g(zi , β̂), (33)

β̂ = β̂CEL, γ̂ = γ̂CEL, and 	̂M,CEL, φ̂C,CEL, and 	̂S,CEL are defined in
(18)–(20), respectively. Note that the test statistics (28)–(30) can be viewed as
the ones for testing the unconditional moment restrictions in (25). Under the null
hypothesis Hg , the test statistics (28)–(30) have the chi-square limiting distribu-
tions. Under the alternative hypothesisHh , however, they are not asymptotically
equivalent to our tests and hence are expected to have different power perfor-
mances from ours.

As other benchmarks for our simulation experiments, we consider the nonnested
tests of Singleton (1985, eqn. (33), p. 404), labeled S, and Ramalho and Smith
(2002, Simplified Cox test in eqn. (4.4), p. 108), labeled SC , respectively. We
compute S and SC from the following unconditional moment restrictions implied
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by (26) and (27): for Design I,

HU
g : E

[
(1, x1i , x2i )

′ (yi −β01 −β02x1i )
]= 0, (34)

HU
h : E

[
(1, x1i , x2i )

′ (yi −γ01 −γ02x2i )
]= 0,

and, for Design II,

HU
g : E

[
(1, xi )

′ (yi −β0xi )
]= 0, (35)

HU
h : E

[
(1, x3

i )′
(

yi −γ0x3
i

)]
= 0.

Furthermore, we consider the overidentifying restriction test of Hansen (1982), la-
beled J , that tests the validity ofHU

g in (34) and (35) against general alternatives.
For tests S, SC , and J , the parameters β0 and γ0 are estimated by the GMM.

We consider two sample sizes n ∈ {100,200} and fix the number R of Monte
Carlo repetitions to be 1,000. We use the Gaussian kernel for our CEL-based tests
Mg , Cg , and Sg (and their unconditional moment versions MU

g , CU
g , and SU

g ). For
the bandwidth bn , we consider bn ∈ {0.1,0.2, . . . ,1.5} in our simulations.

4.2. Simulation Results

Tables 1–3 present the rejection probabilities for the tests with nominal size of
5%. The simulation standard error is approximately 0.007.

Tables 1 and 2 give the results for Design I with c0 = 1 and c0 = 2, respectively.
In both cases, our tests Mg , Cg , and Sg have reasonable size performances if the
bandwidth is in a suitable range and the performance improves generally as n
increases. The size performances of the unconditional moment tests MU

g , CU
g ,

and SU
g are similar but appear to be less sensitive to the choice of the bandwidth

bn . On the other hand, the competitors J and SC have little size distortion, though
the Singleton’s test S underrejects in many cases we consider.

In terms of size-corrected powers, the efficient score-encompassing test Sg

dominates the other tests in Design I. When c0 = 1, the test S, which is known
to have an optimality property against some local alternatives, also has very good
(size-corrected) power performance in Design I. However, when c0 = 2, the power
performance of S deteriorates and is significantly dominated by that of Sg . On the
other hand, the powers of the unconditional moment tests MU

g , CU
g , and SU

g are
quite different from those of our tests Mg , Cg , and Sg and are generally lower
than the latter. For the former unconditional moment-based tests, powers depend
sensitively on the choice of the weighting matrix Qa(x,β,γ ) and c0. In particular,
MU

g appears to be inconsistent againstHh .

To explain these findings intuitively, consider an estimator β̂ of β0 = (β01,β02)
′

that converges to the pseudo-true value β∗ = (1,c0/(1+c2
0))

′ under the alternative
hypothesisHh in (26).19 This implies that the sample analog of the unconditional
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TABLE 1. Design I, c0 = 1: Estimated sizes and powers of tests with nominal
size of 5%

n = 100 n = 200

Test bn Size A-P S-P Size A-P S-P

0.7 .170 (.001) .778 (.011) .528 (.118) .135 (.001) .936 (.024) .878 (.174)
0.8 .100 (.002) .777 (.025) .678 (.143) .090 (.001) .947 (.046) .923 (.208)

Mg (MU
g ) 0.9 .064 (.004) .775 (.043) .749 (.156) .060 (.003) .966 (.077) .961 (.262)

1.0 .046 (.006) .781 (.060) .796 (.173) .029 (.004) .960 (.107) .969 (.297)
1.1 .031 (.009) .747 (.080) .791 (.197) .026 (.004) .958 (.141) .971 (.338)

0.7 .078 (.028) .529 (.112) .399 (.137) .040 (.035) .644 (.651) .703 (.651)
0.8 .033 (.022) .417 (.268) .581 (.314) .024 (.029) .513 (.830) .848 (.830)

Cg (CU
g ) 0.9 .011 (.021) .306 (.414) .684 (.475) .008 (.025) .373 (.907) .895 (.907)

1.0 .006 (.026) .223 (.533) .735 (.580) .001 (.030) .251 (.954) .904 (.954)
1.1 .001 (.034) .125 (.641) .748 (.693) .000 (.034) .145 (.969) .920 (.969)

0.7 .230 (.176) .949 (.915) .823 (.684) .096 (.120) .986 (.992) .978 (.978)
0.8 .150 (.179) .959 (.937) .905 (.706) .057 (.118) .993 (.996) .992 (.983)

Sg (SU
g ) 0.9 .101 (.198) .971 (.954) .945 (.746) .032 (.133) .993 (.996) .995 (.986)

1.0 .079 (.208) .976 (.960) .971 (.783) .017 (.149) .996 (.998) .999 (.982)
1.1 .066 (.219) .976 (.965) .973 (.790) .010 (.157) .996 (.997) .997 (.985)

J .041 .926 .934 .052 .999 .998

S .008 .911 .972 .007 .997 1.00

SC .055 .935 .934 .054 .999 .999

Notes: Tests Mg,Cg , and Sg refer to the moment-encompassing, Cox-type, and efficient score-encompassing
tests, repectively. Also, MU

g , CU
g , and SU

g refer to the unconditional versions of tests Mg , Cg , and Sg , respec-
tively. Tests J, S, and SC refer to Hansen’s (1982) overidentifying test, Singleton’s (1985) test, and Ramalho and
Smith’s (2002) simplified Cox test, respectively. A-P and S-P denote Actual Power and Size-Corrected Power,
respectively.

expectation in (34) converges to

1

n

n

∑
i=1

[
(1, x1i , x2i )

′ (yi − β̂1 − β̂2x1i )
]

p→
(

0,0,
1

1+ c2
0

)′
. (36)

Then the sample averages in (31)–(33) converge to

T U
M

p→ 0, T U
C

p→ − 1

4(1+ c2
0)

2
, T U

S
p→
(

0,− 1

4(1+ c2
0)

)′
. (37)

Therefore, as c0 increases, the limits in (36) and (37) degenerate to 0, and the
tests based on T U

C and T U
S have lower power. Also, the result in (37) confirms our

simulation finding that MU
g is inconsistent againstHh .

Table 3 reports the simulation results for Design II. As in Design I, all of
the tests considered have reasonable size performances and MU

g , CU
g , and SU

g
behave quite differently from our tests in terms of powers. In this design, we
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TABLE 2. Design I, c0 = 2: Estimated sizes and powers of tests with nominal
size of 5%

n = 100 n = 200

Test bn Size A-P S-P Size A-P S-P

0.7 .176 (.001) .537 (.000) .262 (.018) .138 (.001) .752 (.000)) .517 (.022)
0.8 .104 (.001) .500 (.001) .357 (.022) .084 (.002) .745 (.000) .644 (.033)

Mg (MU
g ) 0.9 .071 (.003) .460 (.005) .415 (.025) .057 (.004) .732 (.006) .711 (.047)

1.0 .039 (.003) .442 (.008) .473 (.031) .038 (.007) .716 (.010) .748 (.065)
1.1 .028 (.008) .407 (.014) .476 (.039) .035 (.008) .694 (.016) .740 (.088)

0.7 .069 (.021) .293 (.008) .221 (.028) .039 (.030) .264 (.054) .327 (.071)
0.8 .034 (.022) .186 (.010) .309 (.029) .022 (.030) .167 (.160) .467 (.186)

Cg (CU
g ) 0.9 .016 (.023) .111 (.043) .388 (.058) .008 (.033) .086 (.292) .585 (.320)

1.0 .003 (.032) .055 (.085) .408 (.109) .001 (.039) .038 (.440) .625 (.455)
1.1 .002 (.035) .023 (.145) .433 (.167) .000 (.044) .015 (.529) .639 (.537)

0.7 .234 (.192) .930 (.804) .807 (.565) .108 (.136) .982 (.923) .971 (.834)
0.8 .147 (.194) .939 (.834) .876 (.592) .060 (.137) .983 (.936) .981 (.841)

Sg (SU
g ) 0.9 .097 (.197) .948 (.867) .908 (.652) .030 (.147) .984 (.949) .985 (.867)

1.0 .069 (.205) .941 (.891) .931 (.680) .019 (.156) .985 (.951) .994 (.882)
1.1 .057 (.223) .942 (.907) .938 (.713) .012 (.164) .987 (.959) .993 (.889)

J .044 .563 .572 .056 .868 .865

S .021 .554 .666 .023 .863 .906

SC .055 .589 .582 .053 .878 .876

Notes: Tests Mg,Cg , and Sg refer to the moment-encompassing, Cox-type, and efficient score-encompassing tests,
repectively. Also, MU

g , CU
g , and SU

g refer to the unconditional versions of tests Mg , Cg , and Sg , respectively.
Tests J, S, and SC refer to Hansen’s (1982) overidentifying test, Singleton’s (1985) test, and Ramalho and
Smith’s (2002) simplified Cox test, respectively. A-P and S-P denote Actual Power and Size-Corrected Power,
respectively.

expect that the tests based on the unconditional moments in (35) and T U
M will

be inconsistent. Consider an estimator β̂ of β0 that converges to the pseudo-
true value β∗ = 3 under the alternative hypothesis Hh in (27). This condition
is satisfied for the GMM estimator. Then the sample analog of (35) and T U

M
converge to

1

n

n

∑
i=

[
(1, xi )

′(yi − β̂xi )
]

p→ Eh [(1, xi )
′ (yi −β∗xi )

]= (0,0)′ , (38)

T U
M

p→ 4×Eh
[

r(xi )

r(xi )2 +4

]
= 0, (39)

using the fact that xi ∼ N (0,1) and r(x) = x3 −3x is an odd function, where Eh

is the expectation taken underHh . On the other hand, CU
g and SU

g are expected to
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TABLE 3. Design II: Estimated sizes and powers of tests with nominal size of
5%

n = 100 n = 200

Test bn Size A-P S-P Size A-P S-P

0.1 .062 (.051) .624 (.133) .502 (.133) .043 (.053) .635 (.141) .696 (.140)
0.2 .018 (.047) .604 (.137) .913 (.144) .015 (.057) .608 (.159) .959 (.153)

Mg (MU
g ) 0.3 .009 (.046) .538 (.142) .967 (.148) .008 (.055) .568 (.165) .984 (.155)

0.4 .007 (.047) .452 (.134) .984 (.138) .004 (.055) .471 (.154) .981 (.150)
0.5 .004 (.047) .348 (.127) .977 (.131) .005 (.054) .336 (.147) .985 (.142)

0.1 .185 (.125) .701 (.067) .428 (.046) .129 (.100) .698 (.787) .454 (.763)
0.2 .070 (.031) .674 (.576) .639 (.599) .055 (.035) .700 (.971) .675 (.976)

Cg (CU
g ) 0.3 .030 (.026) .685 (.802) .774 (.835) .022 (.028) .715 (.993) .829 (.993)

0.4 .019 (.027) .680 (.880) .835 (.898) .014 (.031) .733 (.996) .878 (.999)
0.5 .012 (.030) .662 (.911) .845 (.928) .008 (.030) .727 (.999) .879 (.999)

0.1 .095 (.064) .292 (.027) .140 (.021) .078 (.061) .334 (.038) .234 (.030)
0.2 .053 (.067) .356 (.057) .339 (.042) .040 (.046) .414 (.118) .486 (.121)

Sg (SU
g ) 0.3 .034 (.067) .412 (.136) .589 (.106) .027 (.050) .427 (.259) .729 (.259)

0.4 .020 (.064) .433 (.253) .791 (.232) .017 (.057) .489 (.417) .837 (.393)
0.5 .013 (.071) .467 (.392) .871 (.348) .009 (.064) .522 (.640) .901 (.631)

J .048 .027 .027 .053 .040 .034

S .011 .021 .158 .009 .031 .172

SC .008 .075 .174 .004 .070 .165

Notes: Tests Mg,Cg , and Sg refer to the moment encompassing, Cox-type, and efficient score encompassing tests,
repectively. Also, MU

g , CU
g , and SU

g refer to the unconditional versions of tests Mg , Cg , and Sg , respectively.
Tests J, S, and SC refer to Hansen’s (1982) overidentifying test, Singleton’s (1985) test, and Ramalho and Smith’s
(2002) simplified Cox test, respectively. A-P and S-P denote Actual Power and Size-Corrected Power, respectively.

be consistent since

T U
C

p→ −4×Eh

[(
r(xi )

r(xi )2 +4

)2
]

	= 0, (40)

T U
S

p→ −Eh

[
x3

i r(xi )

r(xi )2 +4

]
	= 0. (41)

This is precisely what happened to the powers of these tests in Design II. On the
other hand, our tests Mg , Cg , and Sg have nontrivial powers in all of the cases we
considered. Among our tests, Mg and Cg appear to have better (size-corrected)
power performances than Sg in Design II.

5. CONCLUSION

We propose three types of nonnested tests for competing conditional moment
restriction models: the moment encompassing, Cox-type, and efficient score-
encompassing tests. The test statistics are based on the conditional probabilities
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implied by conditional empirical likelihood. We investigate the asymptotic prop-
erties of the test statistics under the null, local alternative, and global alternative
hypotheses. Our tests have power properties that are very distinct from some of
the existing unconditional moment-based tests and are powerful against global al-
ternatives that cannot be detected by the latter tests. In particular, if the support of
the moment function is bounded and a mild regularity condition holds, we show
that the Cox-type test is consistent against all departures from the null hypothe-
sis toward the strictly nonnested alternative hypothesis. Simulation results illus-
trate that our tests have reasonable finite sample properties and, in some cases,
dominate some of the existing tests based on unconditional moment restrictions.
Although this paper focuses on the moment-encompassing, Cox-type, and effi-
cient score encompassing tests, it is interesting to consider a general class of test
statistics defined in the form of Ta = n−1 ∑n

i=1 Qa(xi , β̂, γ̂ )ĝi (β̂) as seen in Smith
(1997) for nonnested unconditional hypotheses testing, and investigate more gen-
eral properties and comparisons of the test statistics. We would like to leave this
extension for future research.

NOTES

1. Kitamura et al.’s (2004) smoothed empirical likelihood and Zhang and Gijbels’ (2003) sieve
empirical likelihood are quite similar concepts. To avoid confusion, we follow Kitamura (2003) and
adopt a new terminology, conditional empirical likelihood.

2. Examples include Davidson and MacKinnon (1981), Fisher and McAleer (1981), White (1982),
Gourieroux, Monfort, and Trognon (1983), Loh (1985), Mizon and Richard (1986), Wooldridge (1990),
Godfrey (1998), and Chen and Kuan (2002), to mention only a few. See also Gourieroux and Monfort
(1994), Pesaran and Weeks (2001), and Dhaene (1997) for a review of nonnested and encompassing
tests.

3. GEL is originally proposed by Smith (1997), and its higher order properties are investigated by
Newey and Smith (2004).

4. See Owen (2001) for a comprehensive review of the empirical likelihood approach. See also
Kitamura (2006) for a current update of the literature.

5. The hypotheses Hg and Hh should be restrictions on the same conditional distribution z|x .
If the conditioning variables are different, i.e., Hg : E[g(z,β0)|xg] = 0 (a.s. xg) and Hh : E[h(z,
γ0)|xh ] = 0 (a.s. xh ), our approach does not work. However, if the hypotheses are written as Hg :
E[g(z,β0)|xg, xh ] = 0 (a.s. xg, xh ) and Hh : E[h(z,γ0)|xg, xh ] = 0 (a.s. xg, xh ), our approach is
applicable. See the simulation Design I in Section 4 for an example.

6. Note that μ
g
i satisfies μ

g
i = 1 for i = 1, . . . ,n.

7. If the trimming term is replaced with I{xi ∈Xn}, whereXn converges toX in an adequate man-
ner, then the CEL estimator is asymptotically efficient. Since this paper is concerned with specification
testing, we consider the fixed trimming term Ii .

8. Under misspecification, the solution pg
ji (β̂) may not exist. In order for the solution to exist

w.p.a.1, we assume that the origin is contained in the convex hull of {g(z1, β̂), . . . ,g(zn , β̂)} w.p.a.1.
From Tripathi and Kitamura (2003, pp. 2067–2068), this assumption is satisfied if E[g(z,β∗)g(z,β∗)′]
has full rank and Pr{z : ξ ′g(z,β) = 0} = 0 for all fixed unit vectors ξ and all β in some compact
neighborhood around β∗.

9. Although we may focus on the contrast of CEL based on p̂h
ji (γ̂ );

n

∑
i=1

Ii

n

∑
j=1

p̂g
ji (β̂) log p̂h

ji (γ̂ )−
n

∑
i=1

Ii

n

∑
j=1

p̂N
ji log p̂h

ji (γ̂ ),
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the asymptotic representation of the Lagrange multiplier λh
i (γ̂ ) in p̂h

ji (γ̂ ) is less tractable under
Hg (see Kitamura, 2003). Therefore, for simplicity we analyze the contrast of the Euclidean
likelihoods.

10. Although it requires a lengthy mathematical argument, we can consider the CEL-based para-
metric encompassing test statistic, which focuses on the probability limit of the CEL estimator γ̂C E L
for γ0. Let

γ̃CEL = argmax
γ∈�

n

∑
i=1

Ii

n

∑
j=1

p̂g
ji (β̂CEL) log p̂h

ji (γ ) .

Since we can expect that γ̃CEL is a consistent estimator for the pseudo-true value γ∗ under Hg , the
CEL-based parametric-encompassing test statistic can be constructed by a quadratic form of (γ̂CEL −
γ̃CEL).

11. We conjecture that it would be possible to allow discrete regressors by applying the trimming
argument of Andrews (1995) and Kitamura et al. (2004). In this case we need to redefine the CEL

weight as wj i = K

(
xc

j −xc
i

bn

)
I{xd

i = xd
j }/
(

∑n
j=1 K

(
xc

j −xc
i

bn

)
I{xd

i = xd
j }
)

, where xc
j are continu-

ous regressors and xd
i are discrete ones.

12. A technical intuition for this point can be explained as follows: Asymptotic expansions of our
test statistics are written as U-statistics with zero mean under the null hypothesis. Therefore, when
we apply the U-statistic argument of Kitamura et al. (2004, Lem. B.2) or Powell, Stock, and Stoker
(1989, Sect. 3.2) to derive the asymptotic normality of the test statistics, we can neglect bias terms in
nonparametric estimation, which typically require us to impose some assumption on the lower bound
of α.

13. Since ĝi (β̂)
p→ E[g(zi ,β0)|xi ] = 0 uniformly on xi ∈ X∗ underHg (Lemma A.4), the second

term of M̂(xi , β̂, γ̂ )′ = 2ĥi (γ̂ )′V̂ h
i (γ̂ )−1 − ĝi (β̂)′V̂i (β̂)−1 J h

i (β̂, γ̂ )′V̂ h
i (γ̂ )−1 converges to 0 uni-

formly on xi ∈X∗ underHg and our assumptions.
14. If the moment functions g(z,β) and h(z,γ ) have the same dimension, another way to formulate

the local alternatives in the spirit of Singleton (1985, p. 402) would be

H∗
gn :

(
1− η√

n

)
E
[
g(z,β0)|x]+ η√

n
E
[
h(z,γ0)|x]= 0,

where η ∈ R is a constant. This case can be treated similarly becauseH∗
gn now corresponds toHgn

with δh(x) = η
{

E
[
g(z,β0)|x]−E

[
h(z,γ0)|x]} and β0n = β0.

15. This result is a natural extension of Csiszar’s (1975) analysis on the existence of the “I-
projection” for unconditional probability measures.

16. Our result can be generalized to partly nonnested models (i.e., Gz|x ∩Hz|x is nonempty). In this
case we need to modify the definition of nonnested alternatives to guarantee that (P∗

z|x )x∈X /∈Hz|x
holds.

17. By extending the results of Borwein and Lewis (1993) and Csiszár (1995) to the conditional
moment set-up, we conjecture that this boundedness assumption can be reasonably weakened.

18. We expect that Corollary 3.1 can be extended to the GEL set-up. To this end, we need to ap-
ply a different entropy measure for each member of the GEL criterion function to obtain the best
approximation like (P∗

z|x )x∈X .
19. For example, the GMM estimator satisfies this condition. It is hard to calculate the pseudo-true

value of the CEL estimator because the Lagrange multiplier λ
g∗(x,β) in (22) does not have an explicit

solution. However, in our simulation the values of the GMM and CEL estimates are quite similar under
the alternative hypothesisHg .
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APPENDIX

Notation. Denote

I∗ = {i : xi ∈ X∗,1 ≤ i ≤ n} , cn =
√

logn

nbs
n

,

gj (β) = g(zj ,β), hj (γ )=h(zj ,γ ), mj (β,γ )=m
(
zj ,β,γ

)
,

M̂i (β,γ ) = M̂(xi ,β,γ ), Mi (β,γ ) = M(xi ,β,γ ),

Kji = K

(
xi − xj

bn

)
, f̂i = 1

nbs
n

n

∑
j=1

Kji ,

V̄i (β) = E

[
1

nbs
n

n

∑
j=1

Kji gj (β)gj (β)′|xi

]
,
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J̄i (β)′ = E

[
1

nbs
n

n

∑
j=1

Kji mj (β,γ )gj (β)′|xi

]
,

Ḡi (β) = E

[
1

nbs
n

n

∑
j=1

Kji
∂gj (β)

∂β ′ |xi

]
.

Proof of Theorem 3.1(i). An expansion of p̂g
ji (β̂) around λ

g
i (β̂) = 0 yields

p̂g
ji (β̂) = wj i

1+λ
g
i (β̂)′gj (β̂)

= wj i (1−λ
g
i (β̂)′gj (β̂)+ rji ), (A.1)

where rji = λ
g
i (β̂)′gj (β̂)gj (β̂)′λg

i (β̂)

(1+λ̃
g′
i gj (β̂))3 , and λ̃

g
i is a point on the line joining λ

g
i (β̂) and 0. Since

p̂g
ji (β̂)− p̂N

ji = wj i (−λ
g
i (β̂)′gj (β̂)+ rji ), the definition of TM in (11) implies

TM = − 1

n

n

∑
i=1

Ii M̂i (β̂, γ̂ )′ Ĵi (β̂, γ̂ )′λg
i (β̂)

+ 1

n

n

∑
i=1

Ii M̂i (β̂, γ̂ )′
(

n

∑
j=1

wj i rj i mj (β̂, γ̂ )

)
(A.2)

= T (1) + R(1).

Here R(1) satisfies

||R(1)|| ≤ max
i∈I∗

||M̂i (β̂, γ̂ )|| max
1≤ j≤n

||mj (β̂, γ̂ )||
(

max
i∈I∗

||λg
i (β̂)||

)2

×
∥∥∥∥∥ 1

n

n

∑
i=1

Ii

n

∑
j=1

wj i
gj (β̂)gj (β̂)′

(1+ λ̃
g′
i gj (β̂))3

∥∥∥∥∥ . (A.3)

Assumption 3.2(iv) implies

max
i∈I∗

||M̂i (β̂, γ̂ )|| = Op (1) . (A.4)

From Assumption 3.2(i) and (iv) and Tripathi and Kitamura (2003, Lem. C.4),

max
1≤ j≤n

||gj (β̂)|| = o
(

n1/ζ
)

, max
1≤ j≤n

||mj (β̂, γ̂ )|| = o
(

n1/ζm
)

. (A.5)

From Lemmas A.1 and A.4,

max
i∈I∗

||λg
i (β̂)|| = Op (cn)+op

(
n−1/2+1/η

)
. (A.6)

Since (A.5) and (A.6) imply that maxi∈I∗,1≤ j≤n |λ̃g′
i gj (β̂)| = op (1), we have

∥∥∥∥ 1
n ∑n

i=1

Ii ∑n
j=1 wj i

gj (β̂)gj (β̂)′(
1+λ̃

g′
i gj (β̂)

)3

∥∥∥∥≤ Op (1) by Lemma A.1. Thus, from (A.3)–(A.6),

||R(1)|| ≤ Op(1)o(n1/ζm )
{

Op(cn)+op(n−1/2+1/η)
}2

Op(1) = op(n−1/2), (A.7)



NONNESTED CEL TEST 143

where the equality follows from α < 1
3s ≤ 1

s

(
1− 4

ζm

)
and 1

ζm
+ 2

η ≤ 1
2 . From (A.2) and

Lemma A.4,

TM = − 1

n

n

∑
i=1

Ii M̂i (β̂, γ̂ )′ Ĵi (β̂, γ̂ )′V̂i (β̂)−1 ĝi (β̂)− 1

n

n

∑
i=1

Ii M̂i (β̂, γ̂ )′ Ĵi (β̂, γ̂ )′r g
i

+op(n−1/2)

= T (2) + R(2) +op(n−1/2). (A.8)

From (A.4) and Lemmas A.2 and A.4, R(2) satisfies

||R(2)|| ≤ max
i∈I∗

||M̂i (β̂, γ̂ )||max
i∈I∗

||r g
i ||
∥∥∥∥∥ 1

n

n

∑
i=1

Ii Ĵi (β̂, γ̂ )

∥∥∥∥∥
= Op (1)op(n1/ζ )

{
Op(c2

n)+op(n−1+2/η)
}

Op(1) = op(n−1/2), (A.9)

where the last equality follows from α < 1
3s ≤ 1

s

(
1− 4

ζ

)
and 1

ζ + 2
η ≤ 1

2 . Thus, from

(A.8),

TM = − 1

n

n

∑
i=1

Ii M̂i (β̂, γ̂ )′ Ĵi (β̂, γ̂ )′V̂i (β̂)−1 ĝi (β̂)+op(n−1/2)

= − 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′ Ĵi (β0,γ∗)′ V̂i (β0)−1 ĝi (β̂)+ R(3) +op(n−1/2). (A.10)

Now R(3) is implicitly defined and satisfies

||R(3)|| ≤
∥∥∥∥∥ 1

n

n

∑
i=1

Ii {M̂i (β̂, γ̂ )− Mi (β0,γ∗)}′ Ĵi (β̂, γ̂ )′V̂i (β̂)−1 ĝi (β̂)

∥∥∥∥∥
+
∥∥∥∥∥ 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′{Ĵi (β̂, γ̂ )− Ĵi (β0,γ∗)}′V̂i (β̂)−1 ĝi (β̂)

∥∥∥∥∥
+
∥∥∥∥∥ 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′ Ĵi (β0,γ∗)′{V̂i (β̂)−1 − V̂i (β0)−1}ĝi (β̂)

∥∥∥∥∥
= ||R(3)

a ||+ ||R(3)
b ||+ ||R(3)

c ||.
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From Assumption 3.2(iv) and a similar argument to derive (A.15) shown below, we have

||R(3)
a || = op

(
n−1/2

)
. Assumption 3.2(iv) and Lemmas A.1, A.2, and A.4 yield

||R(3)
b || ≤ max

i∈I∗
||Mi (β0,γ∗) ||max

i∈I∗
|| Ĵi (β̂, γ̂ )− Ĵi (β0,γ∗) ||max

i∈I∗
||V̂i (β̂)−1||

×
∥∥∥∥∥ 1

n

n

∑
i=1

Ii ĝi (β̂)

∥∥∥∥∥
= Op (1)

{
op(n−1/2+1/ζm+1/η)+op(n−1/2+1/ζ+1/ηm )

}
× Op(1)

{
Op(cn)+op(n−1/2+1/η)

}
= op(n−1/2),

where the last equality follows from 1
ζm

+ 2
η ≤ 1

2 , 1
ζ + 1

ηm
+ 1

η ≤ 1
2 , and Assumption

3.1(v). Similarly, Assumption 3.2(iv) and Lemmas A.1, A.2, and A.4 imply that ||R(3)
c || =

op

(
n−1/2

)
. Thus, from (A.10),

TM = − 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′ Ĵi (β0,γ∗)′ V̂i (β0)−1 ĝi (β̂)+op(n−1/2)

= − 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′ Ĵi (β0,γ∗)′ V̂i (β0)−1 {ĝi (β0)+ Ĝi (β̃)(β̂ −β0)}+op(n−1/2)

= − 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′ Ĵi (β0,γ∗)′ V̂i (β0)−1 ĝi (β0)

+ĤM (β0,γ∗)�
1

n

n

∑
i=1

ψ(xi , zi ,β0)

+R(4) +op(n−1/2)

= TMa + TMb + R(4) +op(n−1/2), (A.11)

where the second equality follows from an expansion of ĝi (β̂) around β̂ = β0, and β̃ is a
point on the line joining β̂ and β0. Now R(4) is implicitly defined and satisfies

||R(4)|| ≤
∥∥∥∥∥ 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′ Ĵi (β0,γ∗)′ V̂i (β0)−1 {Ĝi (β̃)− Ĝi (β0)}
∥∥∥∥∥ ||β̂ −β0||

+
∥∥∥∥∥ 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′ Ĵi (β0,γ∗)′ V̂i (β0)−1 Ĝi (β0)

∥∥∥∥∥op(n−1/2)

≤ max
i∈I∗

||Mi (β0,γ∗) ||max
i∈I∗

|| Ĵi (β0,γ∗) ||max
i∈I∗

||V̂i (β0)−1||
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×
∥∥∥∥∥ 1

n

n

∑
i=1

Ii {Ĝi (β̃)− Ĝi (β0)}
∥∥∥∥∥ ||β̂ −β0||

+max
i∈I∗

||Mi (β0,γ∗) ||max
i∈I∗

|| Ĵi (β0,γ∗) ||max
i∈I∗

||V̂i (β0)−1||max
i∈I∗

||Ĝi (β0) ||

×op(n−1/2)

= op(n−1+1/η2)+op(n−1/2) = op(n−1/2),

where the equality follows from Assumption 3.2(iv) and Lemmas A.1, A.2, and A.3. Thus,

from (A.11), we have TM = TMa + TMb +op

(
n−1/2

)
. Now TMa is written as

TMa = − 1

n

n

∑
i=1

n

∑
j=1

Ii E[ f̂i |xi ]−1 Mi
(
β0,γ ∗)′ J̄i (β0,γ∗)′ V̄i (β0)−1 1

nbs
n

Kji gj (β0)+ R(5)
a

= T̄Ma + R(5)
a , (A.12)

where R(5)
a is implicitly defined and satisfies

||R(5)
a || ≤

∥∥∥∥∥ 1

n

n

∑
i=1

Ii Mi (β0,γ∗)′
{

Ĵi (β0,γ∗)−E[ f̂i |xi ]−1 J̄i (β0,γ∗)
}′

V̂i (β0)−1 ĝi (β0)

∥∥∥∥∥
+
∥∥∥∥∥ 1

n

n

∑
i=1

Ii E[ f̂i |xi ]−1 Mi (β0,γ∗)′ J̄i (β0,γ∗)′

×
{

V̂i (β0)−1 −E[ f̂i |xi ]V̄i (β0)−1
}

ĝi (β0)

∥∥∥∥∥
+
∥∥∥∥∥ 1

n

n

∑
i=1

n

∑
j=1

Ii

{
f̂ −1
i −E[ f̂i |xi ]−1

}
Mi (β0,γ∗)′ J̄i (β0,γ∗)′

× V̄i (β0)−1 1

nbs
n

Kji gj (β0)

∥∥∥∥∥
= ||R(5)

aa ||+ ||R(5)
ab ||+ ||R(5)

ac ||.
From Assumption 3.2(iv), Lemmas A.1 and A.2, and Tripathi and Kitamura (2003, Lem.

C.1), we have ||R(5)
aa || ≤ Op(c2

n) = op(n−1/2) from α < 1
3s . Similarly, we have ||R(5)

ab || ≤
Op(c2

n) = op(n−1/2). Moreover, Assumption 3.2(iv), Lemmas A.1 and A.2, and Tripathi

and Kitamura (2003, eqn. (C.1)) imply ||R(5)
ac || ≤ Op(c2

n) = op(n−1/2). Thus, from (A.12),
we have TMa = T̄Ma +op(n−1/2). By applying the U-statistic arguments of Kitamura et al.
(2004, pp. 1696–1698) and Powell et al. (1989, Lem. 3.1), we have the asymptotic linear
form for T̄Ma :

√
nT̄Ma = − 1√

n

n

∑
i=1

Ii Mi (β0,γ∗)′ Ji (β0,γ∗)′ Vi (β0)−1 gi (β0)+op (1) . (A.13)
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From Lemmas A.1, A.2, and A.3 and a weak law of large numbers, we can show that

ĤM
(
β0,γ∗

) p→ E[Ii Mi (β0,γ∗)′ Ji (β0,γ∗)′ Vi (β0)−1 Gi (β0)] = HM (β0,γ∗). Therefore
TMb satisfies

√
nTMb = 1√

n

n

∑
i=1

HM (β0,γ∗)�ψ(xi , zi ,β0)+op(1). (A.14)

From (A.11), (A.13), and (A.14), a central limit theorem yields

√
nTM = √

nT̄Ma +√
nTMb +op (1) = 1√

n

n

∑
i=1

ψ M
i (β0,γ∗)+op (1)

d→ N (0,	M ) . (A.15)

Since 	̂M is consistent for 	M , we have

Mg = nT ′
M 	̂−

M TM
d→ χ2

rank(	M ). n

Proof of Theorem 3.1(ii). From (A.1) and Lemma A.4, TC in (14) is written as

TC = 1

n

n

∑
i=1

Ii

{
n

∑
j=1

( p̂g
ji (β̂)+ p̂N

ji )hj (γ̂ )

}′
V̂ h

i (γ̂ )−1

{
n

∑
j=1

( p̂g
ji (β̂)− p̂N

ji )hj (γ̂ )

}

= − 1

n

n

∑
i=1

Ii

{
n

∑
j=1

(2wj i −wj i λ
g
i (β̂)′gj (β̂))hj (γ̂ )

}′

×V̂ h
i (γ̂ )−1

{
n

∑
j=1

(wj i λ
g
i (β̂)′gj (β̂))hj (γ̂ )

}
+ R(1c),

where R(1c) is implicitly defined. From a similar argument to derive (A.7), R(1c) satisfies

||R(1c)|| ≤
∥∥∥∥∥ 1

n

n

∑
i=1

Ii

{
n

∑
j=1

(2wj i −wj i λ
g
i (β̂)′gj (β̂))hj (γ̂ )

}′

×V̂ h
i (γ̂ )−1

{
n

∑
j=1

wj i rj i h j (γ̂ )

}∥∥∥∥∥
+
∥∥∥∥∥ 1

n

n

∑
i=1

Ii

{
n

∑
j=1

wj i rj i h j
(
γ̂
)}′

V̂ h
i
(
γ̂
)−1

{
n

∑
j=1

(wj i λ
g
i (β̂)′gj (β̂))hj

(
γ̂
)}∥∥∥∥∥

+
∥∥∥∥∥ 1

n

n

∑
i=1

Ii

{
n

∑
j=1

wj i rj i h j
(
γ̂
)}′

V̂ h
i
(
γ̂
)−1

{
n

∑
j=1

wj i rj i h j
(
γ̂
)}∥∥∥∥∥
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≤ o(n1/ζm )
{

Op(cn)+op(n−1/2+1/η)
}2

+o(n1/ζm )
{

Op(cn)+op(n−1/2+1/η)
}3

+o(n2/ζm )
{

Op(cn)+op(n−1/2+1/η)
}4

= op(n−1/2).

Thus, from Lemma A.4, we have

TC = − 1

n

n

∑
i=1

Ii

{
n

∑
j=1

(2wj i −wj i λ
g
i (β̂)′gj (β̂))hj (γ̂ )

}′

×V̂ h
i (γ̂ )−1

{
n

∑
j=1

(wj i λ
g
i (β̂)′gj (β̂))hj (γ̂ )

}
+op(n−1/2)

= − 1

n

n

∑
i=1

Ii

{
2ĥi (γ̂ )− Ĵ h

i (β̂, γ̂ )′V̂i (β̂)−1 ĝi (β̂)
}′

×V̂ h
i (γ̂ )−1

{
Ĵ h
i (β̂, γ̂ )′V̂i (β̂)−1 ĝi (β̂)

}
+ R(2c) +op(n−1/2), (A.16)

where R(2c) is implicitly defined. A similar argument to show (A.9) yields that ||R(2c)|| =
op(n−1/2). By setting

M̂i (β,γ )′ = {2ĥi (γ )− Ĵ h
i (β,γ )′V̂i (β)−1 ĝi (β)}′V̂ h

i (γ )−1 ,

Mi (β,γ )′ = 2E
[
h (zi ,γ ) |xi

]′ V h
i (γ )−1 , m(zj ,β,γ ) = h(zj ,γ ),

we can apply the same argument as the proof of Theorem 3.1(i). Thus

√
nTC = 1√

n

n

∑
i=1

ψC
i (β0,γ∗)+op (1)

d→ N (0,φC ) . (A.17)

Since φ̂C is consistent for φC , we have

Cg =
√

nTC√
φ̂C

d→ N (0,1) . n

Proof of Theorem 3.1(iii). From (A.1) and Lemma A.4, we have

TS = 1

n

n

∑
i=1

Ii Ĝh
i (γ̂ )′V̂ h

i (γ̂ )−1

{
n

∑
j=1

{p̂g
ji (β̂)− p̂N

ji }hj (γ̂ )

}

= − 1

n

n

∑
i=1

Ii Ĝh
i (γ̂ )′V̂ h

i (γ̂ )−1

{
n

∑
j=1

(wj i λ
g
i (β̂)′gj (β̂))hj (γ̂ )

}
+ R(1s)

= − 1

n

n

∑
i=1

Ii Ĝh
i (γ̂ )′V̂ h

i (γ̂ )−1{Ĵ h
i (β̂, γ̂ )′V̂i (β̂)−1 ĝi (β̂)}+ R(1s) + R(2s), (A.18)
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where R(1s) and R(2s) are implicitly defined. Similar arguments to derive (A.7) and (A.9)
yield ||R(1s)|| = op(n−1/2) and ||R(2s)|| = op(n−1/2), respectively. By setting

M̂i (β,γ )′ = Ĝh
i (γ )′ V̂ h

i (γ )−1 , Mi (β,γ )′ = Gh
i (γ )′V h

i (γ )−1 ,

m
(
zj ,β,γ

)= h
(
zj ,γ
)
,

we can apply the same argument as the proof of Theorem 3.1(i). Thus

√
nTS = 1√

n

n

∑
i=1

ψ S
i (β0,γ∗)+op (1)

d→ N (0,	S) .

Since 	̂S is consistent for 	S , we have

Sg = nT ′
S	̂−

S TS
d→ χ2

rank(	S). n

Proof of Theorem 3.2(i). Assume that n is large enough so that β̂ ∈ B0 and β0n ∈ B0.
Note that Lemmas A.1–A.3 remain valid when β0 is replaced by β0n . Thus, from the proof
of Tripathi and Kitamura (2003, Lem. B.1),

Ii λ
g
i (β̂) = Ii V̂i (β̂)−1 ĝi (β̂)+ Ii r̃

g
i ,

where
∥∥r̃ g

i

∥∥ = op(n1/ζ )
{(

maxi∈I∗
∥∥∑n

j=1 wj i gj (β0n)
∥∥)2 + ||β̂ − β0n ||2 ∑n

j=1 wj i d1(
zj
)2}, and the op(n1/ζ ) term does not depend on i ∈ I∗. From the continuity of δh (x)

and f (x), and the compactness of X∗, an adapted version of Tripathi and Kitamura (2003,

Lem. C.1) yields maxi∈I∗
∥∥∥∑n

j=1 wj i gj (β0n)
∥∥∥ = Op(cn). Thus Lemma A.4 also remains

valid when β0 is replaced by β0n . Since the adapted versions of Lemmas A.1–A.4 are valid,
we can proceed as in the proof of Theorem 3.1(i) by replacing β0 with β0n .
Therefore, underHgn ,

√
nTM = 1√

n

n

∑
i=1

ψ M
i (β0n,γ∗)+op (1)

= 1√
n

n

∑
i=1

{
ψ M

i (β0n,γ∗)−E[ψ M
i (β0n,γ∗)]

}

+
{
−E
[

Ii Mi (β0n,γ∗)′ Ji (β0n,γ∗)′ Vi (β0n)−1 E
[
g(zi ,β0n)|xi

]]

+E
[
HM (β0n,γ∗)�E

[
ψ(xi , zi ,β0n)|xi

]]}+op (1)

= 1√
n

n

∑
i=1

{
ψ M

i (β0n,γ∗)−E[ψ M
i (β0n,γ∗)]

}
+μM +op (1)

d→ N (μM ,	M ) .

Therefore the conclusion is obtained. n
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Proof of Theorem 3.2(ii). A similar argument to the proof of Theorem 3.2(i) yields
that underHgn ,

√
nTC = 1√

n

n

∑
i=1

ψC
i (β0n,γ∗)+op (1)

= 1√
n

n

∑
i=1

{
ψC

i (β0n,γ∗)−E[ψC
i (β0n,γ∗)]

}

+
{
−2E
[
Ii E
[
h (zi ,γ∗) |xi

]′V h
i (γ∗)−1J h

i (β0n,γ∗)′Vi (β0n)−1 E
[
g(zi ,β0n)|xi

]]
+E
[
HC (β0n,γ∗)�E

[
ψ(xi , zi ,β0n)|xi

]]}+op (1)

= 1√
n

n

∑
i=1

{
ψC

i (β0n,γ∗)−E[ψC
i (β0n,γ∗)]

}
+μC +op (1)

d→ N (μC ,φC ) .

Therefore the conclusion is obtained. n

Proof of Theorem 3.2(iii). A similar argument to the proof of Theorem 3.2(i) yields
that underHgn ,

√
nTS = 1√

n

n

∑
i=1

ψ S
i (β0n,γ∗)+op (1)

= 1√
n

n

∑
i=1

{
ψ S

i (β0n,γ∗)−E[ψ S
i (β0n,γ∗)]

}
{
−E
[

Ii Gh
i (γ∗)′ V h

i (γ∗)−1 J h
i (β0n,γ∗)′ Vi (β0n)−1 E

[
g(zi ,β0n)|xi

]]

+E
[
HS (β0n,γ∗)�E

[
ψ(xi , zi ,β0n)|xi

]]}+op (1)

= 1√
n

n

∑
i=1

{
ψ S

i (β0n,γ∗)−E[ψ S
i (β0n,γ∗)]

}
+μS +op (1)

d→ N (μS,	S) .

Therefore the conclusion is obtained. n

Proof of Theorem 3.3(i). Let J̃i (β,γ )′ = ∑n
j=1 wj i

mj (β,γ )gj (β)′
1+λ

g
i (β)′gj (β)

. By the definitions

of p̂g
ji (β) in (7) and TM in (11),

TM = − 1

n

n

∑
i=1

Ii M̂i (β̂, γ̂ )′ J̃i (β̂, γ̂ )′λg
i (β̂)

= − 1

n

n

∑
i=1

Ii Mi (β∗,γ0)′ J̃i (β̂, γ̂ )′λg
i (β̂)+op (1)
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= − 1

n

n

∑
i=1

Ii Mi (β∗,γ0)′ J̃i (β̂, γ̂ )′λg∗ (xi ,β∗)+op (1)

= − 1

n

n

∑
i=1

Ii Mi (β∗,γ0)′ Ji∗(β∗,γ0)′λg∗ (xi ,β∗)+op (1)

= μhM +op (1) ,

under Hh , where the second equality follows from Assumption 3.2(iv), the third equality

follows from maxi∈I∗ ||λg
i (β̂)−λ

g∗(xi ,β∗)|| p→ 0, and the fourth equality follows by ap-
plying similar arguments as Lemma A.2 and Newey (1994, Lem. B.3). Therefore we have

Mg/n
p→ μ′

hM	−
hMμhM underHh , and the conclusion is obtained. n

Proof of Theorem 3.3(ii). Observe that underHh : E
[
hi (γ0)|xi

]= 0,

1

n

n

∑
i=1

Ii ĥi
(
γ̂
)′ V̂ h

i
(
γ̂
)−1 ĥi

(
γ̂
)

≤
(

sup
xi ∈X∗

||ĥi
(
γ̂
)−E

[
hi (γ0)|xi

] ||
)2

sup
xi ∈X∗

||V̂ h
i
(
γ̂
)−1 ||

(
1

n

n

∑
i=1

Ii

)
= op(1),

where the equality follows from the same argument as Lemmas A.1 and A.4 (replace gi (β)
with hi (γ )), and 1

n ∑n
i=1 Ii = Op(1) (by a law of large numbers). Also, from the definition

of p̂g
ji (β) in (7),

1

n

n

∑
i=1

Ii ĥg
i

(
γ̂
)′ V̂ h

i
(
γ̂
)−1 ĥg

i

(
γ̂
)

= 1

n

n

∑
i=1

Ii

{
n

∑
j=1

wj i h j (γ̂ )

1+λ
g
i (β̂)′gj (β̂)

}′
V̂ h

i
(
γ̂
)−1

{
n

∑
j=1

wj i h j (γ̂ )

1+λ
g
i (β̂)′gj (β̂)

}

= 1

n

n

∑
i=1

Ii E

[
h (zi ,γ0)

1+λ
g∗ (xi ,β∗)′ g(zi ,β∗)

∣∣∣∣ xi

]′
V̂ h

i
(
γ̂
)−1

×E

[
h (zi ,γ0)

1+λ
g∗ (xi ,β∗)′ g(zi ,β∗)

∣∣∣∣ xi

]
+op(1)

= 1

n

n

∑
i=1

Ii E

[
h (zi ,γ0)

1+λ
g∗ (xi ,β∗)′ g(zi ,β∗)

∣∣∣∣ xi

]′
V h

i (γ0)−1

×E

[
h (zi ,γ0)

1+λ
g∗ (xi ,β∗)′ g(zi ,β∗)

∣∣∣∣ xi

]
+op(1)

= μhC +op (1) ,
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where the second equality follows from Assumption 3.2(iv) and the third equality follows
from the same argument as Lemma A.1. Combining these results, we have TC = μhC +
op (1) and thus Cg/

√
n

p→ μhC/
√

φhC underHh . The conclusion is obtained. n

Proof of Theorem 3.3(iii). By the definitions of p̂g
ji (β) in (7) and TS in (16),

TS = − 1

n

n

∑
i=1

Ii Ĝi (γ̂ )′V̂ h
i (γ̂ )−1 Ĵ h

i∗(β̂, γ̂ )′λg
i (β̂)

= − 1

n

n

∑
i=1

Ii Gh
i (γ0)′ V h

i (γ0)−1 Ĵ h
i∗(β̂, γ̂ )′λg

i (β̂)+op (1)

= − 1

n

n

∑
i=1

Ii Gh
i (γ0)′ V h

i (γ0)−1 J h
i∗(β∗,γ0)′λg∗ (xi ,β∗)+op (1)

= μhS +op (1) ,

underHh , where the second equality follows from Assumption 3.2(iv), and the third equal-

ity follows from maxi∈I∗ ||λg
i (β̂)−λ

g∗(xi ,β∗)|| p→ 0 and similar arguments to Lemma A.2

and Newey (1994, Lem. B.3). Therefore, we have Sg/n
p→ μ′

hS	−
hSμhS under Hh , and

the conclusion is obtained. n

LEMMA A.1. Suppose that Assumptions 3.1(i), (ii), and (iv) and 3.2(i)–(iii) hold. If
logn

n1−4/ζ bs
n

→ 0, then

sup
xi ∈X∗

||V̂i (β̂)− V̂i (β0)|| = op(n−1/2+1/ζ+1/η),

sup
xi ∈X∗

||V̂i (β̂)−1 − V̂i (β0)−1 || = op(n−1/2+1/ζ+1/η),

sup
xi ∈X∗

||V̂i (β0)−E[ f̂i |xi ]−1V̄i (β0) || = Op(cn),

sup
xi ∈X∗

||V̂i (β0)−1 −E[ f̂i |xi ]V̄i (β0)−1 || = Op(cn).

Proof. See the proof of Tripathi and Kitamura (2003, Lem. C.2). n

LEMMA A.2. Suppose that Assumptions 3.1(i)–(iv) and 3.2(i)–(iv) hold. If
logn

n1−4/min{ζ,ζm }bs
n

→ 0, then

sup
xi ∈X∗

|| Ĵi (β̂, γ̂ )− Ĵi (β0,γ∗)|| = op(n−1/2+1/ζm+1/η)+op(n−1/2+1/ζ+1/ηm ),

sup
xi ∈X∗

|| Ĵi (β0,γ∗)−E[ f̂i |xi ]−1 J̄i (β0,γ∗) || = Op(cn).
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Proof. (First part) An expansion of Ĵi (β̂, γ̂ )′ around (β̂, γ̂ ) = (β0,γ∗) and Assumption
3.2(iii) and (iv) yield

sup
xi ∈X∗

|| Ĵi (β̂, γ̂ )′ − Ĵi (β0,γ∗)′||

= sup
xi ∈X∗

∥∥∥∥∥
n

∑
j=1

wj i

(
mj (β0,γ∗)+ ∂mj (β̃, γ̃ )

∂(β ′,γ ′)

(
β̂ −β0

γ̂ −γ∗

))

×
(

gj (β0)+ ∂gj (β̃)

∂β ′ (β̂ −β0)

)′
−

n

∑
j=1

wj i mj (β0,γ∗)gj (β0)′
∥∥∥∥∥

≤ ||β̂ −β0|| max
1≤ j≤n

∥∥mj (β0,γ∗)
∥∥ sup

xi ∈X∗

∥∥∥∥∥
n

∑
j=1

wj i d1
(
zj
)∥∥∥∥∥

+
∥∥∥∥ β̂ −β0

γ̂ −γ∗

∥∥∥∥ max
1≤ j≤n

∥∥gj (β0)
∥∥ sup

xi ∈X∗

∥∥∥∥∥
n

∑
j=1

wj i dm
(
zj
)∥∥∥∥∥

+
∥∥∥β̂ −β0

∥∥∥∥∥∥∥ β̂ −β0
γ̂ −γ∗

∥∥∥∥ max
1≤ j≤n

∥∥gj (β0)
∥∥ sup

xi ∈X∗

∥∥∥∥∥
n

∑
j=1

wj i dm
(
zj
)∥∥∥∥∥

= R J
a + R J

b + R J
c ,

where (β̃, γ̃ ) is a point on the line joining (β̂, γ̂ ) and (β0,γ∗). From (A.5), Assumption
3.1(ii) and (iii), and Tripathi and Kitamura (2003, Lem. C.6), we have

R J
a = op

(
n−1/2+1/ζm+1/η

)
, R J

b = op

(
n−1/2+1/ζ+1/ηm

)
,

R J
c = op

(
n−1+max{2/η,2/ηm }) .

From η ≥ 6 and ηm ≥ 6, R J
c is negligible. Therefore the first part is obtained.

(Second part) The second part is obtained from the proof of Newey (1994, Lem. B.3). n

LEMMA A.3 Suppose that Assumptions 3.1(i), (ii), and (iv) and 3.2(i)–(iii) hold. If
logn

n1−2/ηbs
n

→ 0, then

sup
xi ∈X∗

||Ĝi (β̂)− Ĝi (β0) || = op

(
n−1/2+1/η2

)
,

sup
xi ∈X∗

||Ĝi (β0)−E[ f̂i |xi ]−1Ḡi (β0) || = Op(cn).
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Proof. (First part) An expansion of ∂g(k)
j (β̂)/∂β(�) around β̂ = β0 and Assumption

3.2(iii) yield

sup
xi ∈X∗

∥∥∥∥∥∥
n

∑
j=1

wj i
∂g(k)

j (β̂)

∂β(�)
−

n

∑
j=1

wj i
∂g(k)

j (β0)

∂β(�)

∥∥∥∥∥∥ ≤ sup
xi ∈X∗

∥∥∥∥∥
n

∑
j=1

wj i d2
(
zj
)∥∥∥∥∥ ||β̂ −β0||

= o(n1/η2)Op(n−1/2),

where the equality follows from Assumption 3.1(ii) and Tripathi and Kitamura (2003, Lem.
C.6). Therefore the first part is obtained.

(Second part) The second part is obtained from the proof of Newey (1994, Lem. B.3). n

LEMMA A.4. Suppose that Assumptions 3.1(i), (ii), and (iv) and 3.2(i)–(iii) hold. If

bn = n−α for 0 < α < 1
s

(
1− 4

ζ

)
, then underHg

max
i∈I∗

||ĝi (β̂)|| = Op(cn)+op(n−1/2+1/η),

and

Ii λ
g
i (β̂) = Ii V̂i (β̂)−1 ĝi (β̂)+ Ii r

g
i ,

where

max
i∈I∗

||r g
i || = op(n1/ζ )

{
Op(c2

n)+op(n−1+2/η)
}

.

Proof. See the proof of Tripathi and Kitamura (2003, Lem. A.1). Note that Assump-
tions 3.1(i), (ii), and (iv) and 3.2(i)–(iii) imply Tripathi and Kitamura (2003, Assumps.
3.1–3.7). n


