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1. Introduction

Nonlinear and nonparametric models have drawn much atten-
tion over the past decade, and it now seems generally agreed that
many important economic relationships are intrinsically complex
and cannot be modeled effectively using simple linear parametric
models. See, for example, Pagan and Ullah (1999) and Granger and
Terdsvirta (1993). Many empirical economic relationships, which
were formerly represented by linear and parametric models, are
indeed being modeled and estimated within nonlinear and non-
parametric frameworks. Nonlinear and nonparametric approaches
certainly provide more flexibility and accommodate a broader class
of models. The generality, however, comes at a cost. It is well
known that estimated nonlinear and nonparametric models of-
ten have relatively poor finite sample performance and/or slower
rates of convergence asymptotically. The cost can be prohibitively
high in nonstationary time series settings, as is well demonstrated
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in Park (2005), and this forces us to look for reasonable compro-
mises. The class of partially nonlinear and nonparametric models
certainly offers one such compromise.

We consider in this paper a semiparametric model that is par-
tially nonlinear and nonparametric. The linear part of the model
specifies a cointegrating relationship among a set of integrated
variables in a parametric regression form, whereas the nonlinear
part describes the effect of a functional regressor which we model
nonparametrically by introducing a response function. In the pa-
per, we consider a series estimation of the model and establish
its statistical theories. In particular, we develop an efficient econo-
metric estimator of the model and obtain its asymptotic distribu-
tion. A specification test, which we may use to check the adequacy
of the model, is also introduced and analyzed. The efficient estima-
tor is asymptotically Gaussian, and the proposed specification test
has a limit chi-square distribution. Our statistical theories in the
paper are therefore all Gaussian. The assumptions used in the pa-
per are mild and allow for a wide class of integrated processes and
functional regressors that may appear in practical applications.

The model and methodology developed in the paper can be
used to analyze various time series macroeconomic models from
a new perspective. In particular, our approach allows for modeling
economic relationships over time that are also affected by the
cross-sectional distributions in each period. Typically, individual
specific variables such as age are averaged out when we investigate
the relationships among a set of aggregate variables. Consequently,
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we overlook the interaction between the levels of aggregate
macroeconomic variables and their distributions since we expect
that the distribution of age itself also matters in determining the
levels of the aggregate macroeconomic variables. For example, the
life cycle hypothesis suggests that the savings rate should vary
along the stages of the life-cycle. Then the aggregate savings rate
should depend on the age distribution, in addition to other typical
aggregate macroeconomic variables such as the level of income or
income growth.

When we apply our methodology to analyze the quarterly con-
sumption level and savings rate from 1959:1 to 2002:3, we find
that the impact of age distribution on the consumption level and
the savings rate takes a U-shape and an inverted U-shape respec-
tively, which is consistent with the life-cycle hypothesis. In other
words, we find that consumption is lower for middle-agers and
higher for both sides of young-agers and old-agers, while the sav-
ings rate responds in a mirrored fashion to the age distribution,
being highest for middle-agers. This is in contrast with the pre-
vious studies based on parametric approaches, which repeatedly
produced a U-shaped impact curve for the savings rate. We point
out the reasons why our nonparametric approach outperforms the
conventional parametric approaches. Of course, our nonparametric
approach also has some well known costs: a slower rate of conver-
gence for the estimates of model parameters and the dependency
of inferential results on the choice of basis functions and truncation
parameters.

The rest of the paper is organized as follows. Section 2 intro-
duces the model and assumptions. The details of the model are
given with the required assumptions, and the series estimation
method is introduced to estimate the model. The basic statistical
theories are developed in Section 3. Various approximation results
are provided to facilitate the asymptotic analysis of our model. The
limit distributions of the model estimators are also given, and the
asymptotics of the long-run error variance estimator are devel-
oped. Section 4 provides the efficient estimation method based on
the CCR transformation, and the specification test using the vari-
able addition approach that suits our model conveniently well.
Section 5 reports the empirical results for the application of the
model; these analyze the effect of age distribution on the consump-
tion level and savings rate. Section 6 concludes the paper, and the
mathematical proofs are in the Appendix.

A word on notation. As usual, we use | - | to denote the modulus.
If applied to vectors or matrices, the notation denotes the maxi-
mum of the moduli of their components. For a vector x = (x;),
|| - || signifies the standard Eucleadian norm, i.e., [x]|> = Y x*. On
the other hand, the notation is used to denote the operator norm
for amatrix A = (a;). We therefore have ||A|| = sup ||Ax]|/[|x]|. It is
well known that ||A||? is dominated by the maximum eigenvalue of
A'A, and consequently, bounded in particular by ||A||? < tr(4A'A) =
> a,-zj. We also use the same notation, || - ||, to signify the supremum
norm for continuous functions defined on a compact interval. This
should cause no confusion. For functions that are vector-valued,
the notation denotes the maximum of the supremum norms of
the component functions. Standard notations such as o, and O, for
stochastic orders, and —, and — 4 for convergences of random se-
quences, are used without any reference. Moreover, equality in dis-
tribution is denoted by =4, and R denotes the set of real numbers.
Finally, we denote by Anin (A) and Anax (A) respectively the smallest
and largest eigenvalues of a matrix A.

2. The model and assumptions

We consider the regression model given by

J/t=Vt+X;,3+Ur, (1)

where
o0
v = / fe(9)g(s)ds (2)
—0Q0
fort =1, ..., n.Themodel (1)is partially linear, consisting of both

linear and nonlinear parts. The regressor (x;) has a linear relation-
ship with the regressand (y;), which is specified parametrically. On
the other hand, in the nonlinear part (v;), the regressor (f;) is given
as a set of functional observations, to which the regressand (y; ) re-
sponds nonlinearly as given in (2). The function g may be inter-
preted as a response function, which measures the effect of (f;) on
(y¢) in a nonparametric fashion. Throughout the paper, we assume
that the functional regressor (f;) is deterministic.' As usual, (u;)
denotes the regression error.

In what follows, we assume that (x,) is a vector integrated
process and (u;) a stationary process, so that our model (1)
represents a semiparametric cointegrating regression. Let (x;) be
m-dimensional. Further, we let v, = Ax;,

Wy = (Ut, U;)/, (3)

and assume the following.

Assumption 1. Let

o0
Wy = E Digr
i=0

and we assume that @ (1) is nonsingular and ) i|®;| < oo, and
that (&) are iid with ¥ = Ege;{ > 0 and E|e|P < oo for some
p>4

The process (w;) is therefore assumed to be a general linear pro-
cess. We only require the standard summability condition for (&;)
and the moment condition for (&), which are routinely imposed in
the time series literature. The iid assumption on the innovation se-
quence (&) is restrictive, since it does not allow for more general
linear processes driven by ARCH-type innovations having condi-
tional heteroskedasticity. The assumption does not appear to be
crucial, and is imposed here to ease the proofs of our subsequent
theoretical results.
Let

a=(p—2)/2p,

where p is the maximal order of the existing moment for (&)
introduced in Assumption 1. Under Assumption 1, we have by the
result in Park and Hahn (1999):

[nr] [nr]

1
GO G 2o
t=1 t=1

uniformly inr € [0, 1]. Therefore, due to the strong approximation
obtained by, e.g., Einmahl (1989), we have the following.

Lemma 1. Let Assumptions 1 and 2 hold. Then there exists a sto-
chastic process W, defined on [0, 1] such that

1 [nr]

7 D we =4 Wa(r) (4)
t=1

and

sup |[W,(r) — W) = 0,(n™%),

0<r<1

where W is a vector Brownian motion with variance 2 = &(1)
v ().

T we may of course let (f;) be random and given exogenously.
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The normalized partial sum of (w;) may therefore be represented,
up to the distributional equivalence, by a stochastic process that
can be well approximated by a Brownian motion. Note that the ap-
proximation error approaches 1/nasp — 0. For the development
of our theory, we let by convention the distributional equality in
(4) be the usual equality. Our main purpose is to obtain the asymp-
totic results for the model given by (1) and (2), and therefore the
convention is innocuous. However, it allows us to avoid repetitious
embeddings of the partial sum of (w;) into the probability space
where W, and W are defined, and greatly simplifies the exposition
of the paper.
For the functional regressor (f;), we assume the following.

Assumption 2. The family of functions (f;) has the common su-
pport T, which is a compact subset of R. Moreover, we have

ft(s) =K (Eas> ’
n

where K is Lipschitz on [0, 1] x T.

The representation of (f;) as in Assumption 2 is not absolutely
necessary, but it greatly simplifies the proofs of our subsequent
theoretical results. In particular, it guarantees that the mapping
t — f; is continuous with respect to t, and (f;) has a common
compact support T. In the empirical application that we consider
in the paper, (f) denotes the densities of age distributions that
are changing over time. For the application, it seems reasonable
to require the conditions in Assumption 2.

We assume that the response function g is smooth. More
precisely, we require the following.

Assumption 3. We assume that g is g-times differentiable with
bounded derivative on T for some q > 1.

Assumption 4. ¢ > max((3p — 2)/2(p — 2),7/4).

Assumptions 3 and 4 imply that g needs to be three times
differentiable and has bounded derivative, if p > 4 as assumed in
Assumption 1. When higher moments of (g;) exist, we may allow
for a less smooth function g. However, we must require g to be at
least twice differentiable.

The response function g is well identified. To see this, first note
that it is uniquely identified a.s. as a vector in the Hilbert space
[(T) of square integrable functions defined on the subset T of R
with inner product

(fr.8) = /ﬂ(S)g(S)ds,
T

aslong as (f;) does not have support that is a proper subset of L?(T).

This will be assumed throughout the paper. Given our assumption

on the continuity, g is therefore uniquely identified pointwise.
For the estimation of g, we consider the estimand given by

I(g) = (g(s1), ...,8(s4)), (5)

where we denote by s;’s the numbers on T. Let C(T) signify the class
of continuous functions defined on T endowed with the uniform
norm. It is easy to see that the functional /7 : C(T) — RYis
linear and bounded. Of course, linearity of the functional /7 implies
I1(c1g1 + 282) = ¢111(g1) + 2 11(gy) forcy,c; € Rand gy, 8, €
C(T), and boundedness of IT implies

Tl =< cligll

forg € C(T) and ¢ € R.2 Though we primarily consider the
estimand in (5), many other types of estimand may also be allowed.

2 For the functional 7 defined in (5), we have |[1(g)|| = L g6s)H)'? <
J/d|g|l. Therefore, we may take ¢ = +/d.

For this, we only need to make some obvious modifications in our
technical assumptions.

If g is sufficiently smooth, we may approximate it by a series
of polynomial and/or trigonometric functions on T. Of course, it is
also possible to use their mixtures such as the Fourier flexible form
(FFF) series of functions, which include the linear and quadratic
functions to the sine and cosine trigonometric pairs. In the sub-
sequent development of our theory, we just denote by (¢;) an or-
thonomal basis of polynomial and/or trigonometric functions on T
that we use to approximate g, and let g, be an approximation of g
given by a finite sum of the series functions ¢, .. ., .. In estimat-
ing our empirical model, we use the trigonometric pairs

(cos A;s, Sin A;S)i>1

with A; = 27i, after we transform the functional regressor (f;) and
the response function g appropriately so that we may effectively
assume T = [0, 1].

We have

Lemma 2. Let Assumption 3 hold. Then for each k > 1, there exists
g, such that «°||g. — g|| = 0askx — ocowithany b < q.

Due to the boundedness of the estimand /7 introduced in (5), it
follows directly from Lemma 2 that «°||IT(g,) — IT(g)|| — 0 as
k — oo. Therefore, we may use I7(g,) to approximate I7(g) for
large «.

For the subsequent development of our theory, we write g,
more explicitly as

K

8 = Zaki(/)i (6)
i=1

witha,; € Rfori =1, ..., x. Moreover, we define

O = (al(lv cees aKK),

and

Te = (P10 -, 0) s

so that we have g, = 7/, . Then we have

H(gk) = (gK(sl)7-~'7gK(sd))/ =PKaK! (7)

where P, = (m¢(s1), ..., m(sq))’. It is well known that

PP, PP,
le)\min<KK>§)\max<KK>§C2
K K

for all k > d, where cq, c; > 0 are some constants.
Define

K (r) = / K(r. 5)pi(s)ds.
T

and

Kr, = Koq,...,Ko.),

where K is the function introduced in Assumption 2. Moreover, we
let

t
@ = (Km,) (E) .

Then it follows from (6) that

/ fi(9)gc(5)ds = @,

3 IfTis givenby T = [a, b], then we may transform (f;) by f* (s) = fi(a+(b—a)s),
so that (f;*) has the common support [0, 1]. The original response function g may
easily be obtained from the response function g* with respect to (f*) by g(s) =

g'((s—a)/(b—a)).
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and we may write our model given in (1) and (2) as

Ve = ,étal( +X;ﬂ + Uy, (8)

where
Uer = Up + / fe(s)(g — ) (s)ds.
T

This is the regression that we will use to estimate and test our
model.
We may easily see that

n 1
1Zw“w;t ~ / (K ) (r) (K, ) (r)'dr
ni3 0

as n — oo. Therefore, to avoid the asymptotic multicollinearity, it
is necessary to assume the following.

Assumption 5. We have

1
Ao ( / (Kﬂk)(r)(Kﬂx)(r)/dr) > ¢
0

for all large «, where ¢ > 0 is some constant.

Assumption 5 requires that the (K¢;)’s are linearly independent in
the Hilbert space of functions defined on T. Note that the operator
K : ¢ +— K¢ may formally be regarded as the so-called kernel
operator. For the condition in Assumption 5 to be met, the kernel
operator should not be degenerate. If, for instance, the kernel
function is given by K(r,s) = K;(r)K,(s) for some functions K;
and K; respectively on [0, 1] and T, then the condition is clearly
not satisfied. The kernel operator K is bounded, and therefore

1
Aomax ( f (1<m><r><1<nk><r)/dr>
0

is bounded uniformly for all «. This is well known. See, for example,
Dunford and Schwartz (1988).

Needless to say, we should let x increase as n — oo. The
following assumption specifies the allowable range of « given as
a function of n.

Assumption 6. We let « = cn” with 1/(2qg — 1) < r < min((p —
2)/2p, 2/5), where ¢ > 0 is some constant and p and q are given
respectively in Assumptions 1 and 2.

Note that Assumption 4 implies that 1/(2q — 1) < min((p —
2)/2p, 2/5). Therefore, it is possible to choose k as given by As-
sumption 6. Recall that p and g are the maximum orders of existing
moments of (e;) and derivatives of g, respectively. The smoother
the function g is, the smaller is the required rate of increase in the
number of polynomial and/or trigonometric terms. This is well ex-
pected, since a relatively smaller number of basis functions would
be needed to approximate g if it is smooth. On the other hand, we
are allowed toinclude alarger number of basis functions to approx-
imate g if (¢;) has a higher moment. If p = q = oo, then we may
choose k = cn” with any 0 < r < 2/5. From now on, we let ¥ be
given as in Assumption 6. For notational brevity, we will continue
to denote by k the number of the basis functions used to estimate
the response function g, although it is obviously more appropriate
to use the notation k.

It may be of interest to test the null hypothesis Hy : ||g|| = O. If
we assume that g is in the subspace of L?(T) spanned by the basis
functions ¢1, ..., ¢, for some fixed « > 1, we may simply test
the hypothesis Hy : «; = Ofori = 1,..., k, where (¢;) are the
coefficients in the representation g = ) :_, eig;. This can easily
be done using methodology presented in the subsequent sections.
Testing the hypothesis for the general case can also be developed
as in Park and Qian (2008). For this, we may define g, asin (6) and

standardize the Wald statistic for the hypothesis Hy : a; = 0
fori = 1,...,«, using its asymptotic mean and variance that
are given respectively by x and 2«. Under appropriate regularity
conditions, we may naturally expect that the standardized Wald
statistic converges in distribution to the standard normal as k —
00, due to the central limit theorem. However, the test will not be
formally developed in the paper, since the subject matter is beyond
the scope of this paper.

3. Basic statistical theory

In this section, we develop the basic statistical theory for our
model. As we mentioned above, the response function g and the
parameter § in our model (1) and (2) can be estimated from the
regression (8). Let z,, = (w/,, x;)" and §, = (e, B)’, and write
the regression (8) as
Ye = Z,,(rak + Uyt (9)
Moreover, we let
Sru( = (&;w’ B,;)/
be the OLS estimator of &, i.e.,

Snk - (Z,/,,(an)_lz,;,(y = 8:( + (Zr/mZnK)_lzr/,,(unK,

where y = (y1,...
(u:ch CEIE) u/cn)/-
Define D, = diag (I, +/nl,) and

V) Ze = (Zers -, 2Zen), and Uy, =

D,'Z, Z,.D;!
n

D717 u
n nik “NK
Npe = —F—,

Jn

My, =

so that
\/EDH(SHK - 51() - Mr;(lew

Also, we introduce
1 ’
_ Km) () [ Km)(r)
M. = /0 ( V() vin )&
1
_ (K )(r) 0
NK_/O ( vy Jaum+(,)
where n = ijo Ev;_klU, to represent the limit distributions of
M, and N, respectively. We have the following proposition.

Proposition 3. Let Assumptions 1-5 hold. Then we have

@ IMcll, IMZY = 0p(D), [Mae — M|l = 0,(n"%'?) +
Op(n_llfz)y

(b) [INell = Oy (k/2), [Nye —Ni || = o'/ 2k 127P) 40, (n % 1/2) +
0,(n"1k*?),

where a and b are introduced respectively in Lemmas 1 and 2.
Proposition 4. Let Assumptions 1-5 hold. Then we have
VD (e — 8) = M "N + 0p(n ") + 0p(n ')

+ Op(I’I]/ZK]/Z_b),
where a and b are introduced respectively in Lemmas 1 and 2.

Under Assumption 6, the result in Proposition 4 implies that

Dy (8ne — 8) = M 'N, 4 0,(1),
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since, in particular,
"%, n w2, n 212 = o(1) (10)

ifk = cn" with 1/(2b — 1) < r < min(a, 2/5) and some constant
c > 0.

We estimate the function g by
gnx =7T,:&m<- (11)
The corresponding estimate for the estimand I7(g) in (5) is then
given by
H(gm() = (ﬁnk(s])v -~-s§nk(5d))/ :PK&HK (12)
according to (7). In what follows, we let Q, = diag (P, I;) and
D, 'Z, ZnD;!

n

-1
) o = QM.

which will be used repeatedly in the rest of this section.
Now we may readily deduce the following.

SHK:QK<

Proposition 5. Let Assumptions 1-6 hold. Then we have
\/ﬁ [n(gnk) - H(g/c)] )
L =0
( N — B) (<)
and
5—1/2 (\/ﬁ [H(g}w) - H(g/c)] >
" n(Bn — B)
= (@M, Q) 2QM, 'Nc + 0,(1)

asn — oQ.

Proposition 6. Let Assumptions 1-6 hold. Then we have

(ﬁ M)~ 11(@)] ) — o(0)

and

s (ﬁ[n@g ~ ()] ) — o'

asn — oQ.

Now it is straightforward to deduce from Propositions 5 and 6
the following theorem.

Theorem 7. Let Assumptions 1-6 hold. Then we have

I (Ene) — 1T
(ﬁ[ G “ ) %
and
G112 (ﬁ [11(&n) — 1(2)] )
e n(By — B)

= QM. ') 2QM N, + 0,(1)
asn — oQ.

As we have shown in Theorem 7, the estimators IT(g,.) and
Bn respectively for the nonparametric and parametric parts are
both consistent. The convergence rate for the nonparametric part is
given by n~/?«. The parametric part can be estimated by a faster
convergence rate n”'x. In both cases, the convergence rates are
reduced by a factor of «, i.e., the number of the basis functions used
to estimate the response function, compared to those respectively
in the standard stationary and cointegrating regressions. Naturally,
the more basis functions that are used, the slower the convergence
rates of the estimators become. Note that this is also true for

the coefficient of the parametric component of the model. This
is in contrast with the standard stationary regressions, where the
parametric component can be estimated with the standard n—/2
rate. .

The distributions of both I7(g,.) and B, are generally non-
Gaussian and biased. They also depend in particular on the number
k of the included basis functions. There is, however, a special
case where this is not so at least asymptotically. If the stochastic
regressor (x;) is strictly exogenous, then » = 0 and U and V
become independent. In this case, the limit distributions of both
estimators are reduced to being normal.

Corollary 8. Let Assumptions 1-6 hold. Under strict exogeneity, we
have

g1/ («/ﬁ [H(gm() —1(9)]
" n(Bn — B)

asn — oo, where w? is the long-run variance of the errors (u;).

) —4N(0, 0)21)

One important implication of Corollary 8 is that for practical pur-
poses we may simply regard w?S,, as the sampling variance of the
estimator I7(g,,) and ,3,1, which are distributed as normal around
their true values I7(g) and B.

It is possible to consistently estimate the long-run variance ?
of the regression error (u;) using the residuals from the truncated
regression (9). To see this, we first let (i) be the OLS residuals
from the regression (9) and consider the kernel estimator that is
given by

. 1 i A A
a)i,( = - E T <*> E Upet Uy t—i
n ) =

lil<€n

with lag window 7 and lag truncation number ¢,,.

Assumption 7. We assume that

(a) t is a bounded even function with 7(0) = 1 such that

1

1—1t(x

/ 7(x)?dx < oo and lim 1-t® _ 7o < 00,
1 x—0 |X|

(b) €, = cn'/? for some constant ¢ > 0.

The conditions required in Assumption 7 are quite mild. The
conditions in (a) are satisfied for many commonly used lag win-
dows including Bartlett and Parzen kernels and the rectangular
kernel. The condition in (b) simply specifies the rate at which the
lag truncation number should increase along with the sample size.
This condition is not restrictive. For the Bartlett kernel, the rate is
indeed optimal and balances off the sampling bias and variance, in
the case when (u;) is observed and w? is estimated directly from
(u). The reader is referred to Andrews (1991b) for more discus-
sions on the choice of the lag window t and lag truncation number
L.

Proposition 9. Let Assumptions 1-7 hold. Then we have
W2, = 0* 4+ 0,(n"'?)
asn — oQ.

We have thus shown that the long-run variance w? of the regres-
sion error (u;) in our semiparametric model (1) can be consistently
estimated by the usual kernel method from the fitted residuals of
the truncated regression (9). This is very important, since the es-
timation of w? is crucial not only in conducting inference, but also
in efficiently estimating the model. This will be shown clearly in
Section 4.
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4. Estimation and specification test

Though our model can be consistently estimated by the OLS
regression for the truncated model, the resulting estimators for
both the nonparametric and the parametric parts are in general
asymptotically non-Gaussian. Just as in the case of the linear coin-
tegrating regression model, non-Gaussianity implies asymptotic
biasedness of the estimators and invalidity of the standard test-
ing procedures. There is an exception where Gaussianity applies.
However, the required strict exogeneity is too restrictive and is
expected to hold rarely in practical applications. In this section,
we develop asymptotically efficient estimators and a specification
test. More specifically, we extend to our semiparametric cointe-
grating regression model the method of canonical cointegrating
regression (CCR), which was developed by Park (1992) for the lin-
ear cointegrating regression. Moreover, to test the adequacy of our
model specification, we consider the variable addition test pro-
posed by Park (1990).

The CCR procedure requires a transformation of (y;) and (x;)
in the regression (1) using the stationary components of the
model. To make the required transformations explicit, we need to
introduce some additional notation. Let I"(i) = Ew,w;_; be the
autocovariance function of (w;) defined in (3). The variance matrix
§2 of the limit Brownian motion W introduced in Lemma 1 is then
given by

o0
2=y I, (13)
i=—o00

i.e,, the long-run variance matrix of (w;). We also define X' = I"(0)
and A =) 2, I'(i),sothat 2 = ¥ + A + A’. We also define
A=Y+ A (14)
It will be useful to partition the parameter matrices §2 and A in
(13) and (14) conformably with (w;) in (3). Denote the partitioned
submatrices by £2; and A for i,j = 1, 2. If the partitioned
submatrices are scalars or vectors, then the lowercase letters wj
and §; will be used. Finally, define A, = (8],, A%,), which will
also be used to define the CCR transformation given below.

We now consider the regression

Vi = wlo + B+,

= z18, +u, (15)
corresponding respectively to (8) and (9), where
X' =x— A2 My
and

_ / —

Vi=ye — (027 v) B— (0, 012925, ve.
Since the transformations above introduce only zero-mean sta-
tionary deviations to the regression (9), the same long-run rela-
tionship is sustained in the transformed regression (15). Note that
only the parametric part is required to be transformed. The non-
parametric part is non-stochastic and does not need to be trans-
formed.

The stationary errors (u,;) in (9), however, go through some

substantial changes. The transformed errors (u,) in (15) are now
given by

Uge = Uf + /fr(S)(g — &) (s)ds
T
with the CCR error
uf = — w1225, vy, (16)

which constitutes the main non-perishing part. The long-run
variance of the CCR error (u;) is

2 -1
W, = w11 — W1252,, Wa,

which is also the conditional long-run variance of the errors
(u¢) given the innovations of the regressors (v¢) in the original
regression (9).

The CCR transformations involve unknown parameters. How-
ever, we may easily get consistent estimates of these parame-
ters from the first-step OLS estimation of the regression. In the
standard linear cointegrating regression, the replacement of the
unknown parameters by their consistent estimates in the CCR pro-
cedure does not affect the subsequent limit theory, as shown in
Park (1992). This is also true for our semiparametric cointegrating
regression. In what follows, we assume that the first-step OLS re-
gression is run to obtain the estimates of the parameters in the CCR
transformations and the CCR procedure is defined in terms of the
estimated parameters.

We define the CCR estimator to be the OLS estimator for the
transformed regression model (15). If we define Z;, from z}, =

(@), x) by ZF. = (2%, ....2},), and similarly let y* =
o5, ..., y5) then
b = @ B = @uz0™' 20y

Notice that the CCR error (u;) in (16) is asymptotically independent
of the innovations of the regressors (Ax;). The OLS procedure
in the transformed model thus yields an efficient and optimal
estimator in the sense of Phillips (1991). Now we may estimate
I1(g) by I1(g’,), where

Ene = Tl

and
H(A:K) = (g;,k,((sl)7 ceey g:K(sd))/ = PK&::,(a
corresponding to (11) and (12), using the CCR estimate &', .

Theorem 10. Let Assumptions 1-7 hold. Then we have
§*=1/2 (H@;K) —I1(g)

n« /3: _ :3
asn — oo, where

D-'z¥z* p~1\ !
S:K — QK ( n nK=—nk n ) QK

n

) — 4 N0, w?I)

and w? is the long-run variance of the CCR errors (uy).

Theorem 10 implies that our previous result in Corollary 8
for the models with strictly exogenous regressors extends well
to more general models with endogeneity if the models are
transformed using the CCR method. It is therefore shown that the
CCR methodology also works for the semiparametric cointegrating
regression models we consider in this paper.

The CCR methodology also provides valid tests for our model.
The presence of cointegration in the model (1) is testable by the
variable addition test (VAT) in Park (1990).* For our model, it
amounts to testing the null hypothesis Hy : A = 0in the regression
Vi =2z58 + skt ul (17)

Kt>

where (s;) represents the k-dimensional regressors superfluously
added to the original regression (15). In the presence of cointegra-
tion, the test should reveal the superfluousness of the added re-
gressors, and therefore the hypothesis Hy should not be rejected.
When there is no cointegration, however, the regression (15)
becomes spurious and the test would reject Hp. The test statistic
VAT is given by

4 1t is also possible to consider other existing tests. Please read the discussion
following Corollary 11. The VAT test is an omnibus test, which is expected to be
consistent against many possible misspecifications. Its finite sample power would
of course depend upon particular types of misspecifications.
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RSS — RSS¥
VAT = —

W
where RSS and RSS¥ are the sums of squared residuals obtained,
respectively, from (15) and (17), and &):f is the long-run variance
estimate for the CCR errors based on regression (17).

It is straightforward to show the following.

Corollary 11. Let Assumptions 1-7 hold. Then we have
VAT — 4 x}
as n — oo, where k is the number of superfluously added regressors.

The test based on the VAT has the usual chi-square limiting dis-
tribution, and is very easy to implement. Other existing tests, in-
cluding residual based tests such as the ADF and Phillips tests, and
the LM test by Shin (1994), are also expected to have some discrim-
inatory power, if applied to the regression (9). All of them, how-
ever, have asymptotic distributions that are generally dependent
upon the deterministic regressors included in the regression. For
our model, it is indeed not difficult to show that their critical val-
ues would depend on the kernel function K introduced in Assump-
tion 2. Therefore, they are not applicable for our model.’

The results in this section extend well, only with trivial mod-
ifications, to more general models with deterministic trends and
other stationary covariates. The required modifications are indeed
mostly notational. Here we will discuss some obvious extensions,
which will be useful in implementing our model and methodology
in practical applications. First, the inclusion of deterministic trends
such as polynomial time trends possibly with structural breaks is
allowed, and all our theories and results developed in the paper
are applicable, at least qualitatively, as they stand. More precisely,
for the models with deterministic regressors that have properly de-
fined L2-limits as those introduced in, for example, Park (1992), the
CCR methodology works and yields Gaussian asymptotics. The con-
vergence rates of the parameter estimates in such models are also
reduced by the order of «, exactly as in the case of our prototypical
model. For instance, the coefficient of the linear time trend has the
convergence rate n=>/«.

Second, our basic statistical theories and results are also directly
applicable for the model with additional stationary covariates. In
general, stationary covariates are asymptotically orthogonal to the
integrated regressors and deterministic trends, both of which are
trending and distinguish themselves clearly from the stationary
time series. This is well known and the reader is simply referred to,
for example, Park and Phillips (1988) for more discussions on this.
In the presence of additional stationary covariates, however, the
CCR methodology has little motivation. In this case, it appears to
be more reasonable to use the leads and lags method proposed by
Saikkonnen (1991). We may well expect that the asymptotic nor-
mality of the estimators for /7(g) and 8 holds in this case, if we ap-
propriately choose « as an increasing function of the sample size n.
The allowable range of «, however, would certainly be changed,
since the number of leads and lags is also expected to increase
with n.

5. Empirical application

In this section, we use our methodology to investigate how
changing age distribution influences the consumption level and
the savings rate in the US. The effects of the age distribution

51t may be possible to find their critical values using bootstrap or subsampling
methods. The validity of such procedures in our model, however, has not been
established.

on macroeconomic variables have previously been analyzed by
Fair and Dominguez, 1991, hereafter FD, among others. The main
differences between our approach and theirs are as follows. First,
we explicitly allow for the nonstationarity of the variables and
consider long-run cointegrating relationships between them.® We
also use the knowledge of the presence of cointegration to estimate
the model more efficiently. Second, we nonparametrically estimate
the response of consumption and the savings rate to changing
age distribution, whereas FD imposed a parametric restriction to
estimate the response function.
The general form of our empirical regressions is as follows:

ye=cy+ /ﬁ(s)g(s)ds +x.8 +u, (18)
T

where (c;) denotes the maintained deterministic trend, (f;) is the
density function for the age distribution, and g is the age response
function. Throughout our applications, we maintain a linear time
trend as our maintained deterministic trend, i.e, ¢, = t fort >
1. Note that the intercept term is not included in (18). We do
not impose any restriction on g, and therefore the intercept term
would not be identified, if included.

We consider two different specifications. First, we examine how
changing the age distribution influences the consumption level
by taking y = In(C;) and x; = In(l;), where (C;) and (I;) rep-
resent the per capita consumption level and the per capita in-
come level, respectively. In general, it is expected that per capita
consumption and per capita income have a long-run economic
relationship. However, if different age groups exhibit different
propensity to consume, the per capita consumption cannot be
explained solely by the per capita income. According to our spec-
ification, the remaining portion is explained by the age distribu-
tion of the population. Second, we analyze how changing the age
distribution influences the savings rate by letting y, = S; and
x: = (In(I;), Aln(ly))’, where S; is the savings rate and A In(I;) =
In(I;) — In(I;—1) is the per capita income growth rate. This spec-
ification has been popular since Leff (1969) pioneered examining
how a high fertility rate influences the savings rate.”

The data, except for the population, were collected from the
FRED (Federal Reserve Economic Data) maintained by the Federal
Reserve Bank of St. Louis. We use the real non-durable consump-
tion expenditure for consumption and the real GDP for income, and
divide both series by the total population to obtain their per capita
values. The savings rate is derived by dividing nominal gross sav-
ing by nominal GDP. The age-distribution data are obtained from
the US Census Bureau. The Population Estimates Program at the
US Census Bureau develops and releases national population es-
timates in 76 age groups. These data are available annually from
1900 to 1979, quarterly from 1980 to 2002 and monthly from 2000.
We construct a sample of quarterly data from 1959:1 to 2002:3 by
imputing them, when they are not available, through linear inter-
polation of the annual data. Age-group 1 consists of individuals less
than one year, age-group 2 consists of individuals between one and
two years of age, and so on through age-group 76, which consists
of individuals of age 76 and older. By eliminating the age groups
of individuals younger than 16, we consider 61 age groups in this
paper (i.e., age-groups 16, 17, ..., 76) and define the “total” pop-
ulation to be the sum of these groups only.

As a benchmark of our results, we also consider a regression
model suggested by FD:

6 See Attfield and Cannon (2003) for an extension of the FD approach to a
cointegrating regression model using a UK data set.

7 Instead of considering the age distribution itself, Leff (1969) included two
indices of dependency rates for child and old populations in order to investigate
how increased dependency rates influence the savings rate.
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Fig. 1. Parametric consumption-age distribution coefficients.

J

Ye=to+cy + Y ¢ +XB +ur, (19)
=1

where {pj;;j = 1,...,]} is the proportion of individuals in age

group j in the total population at time t. To reduce the number of
parameters to estimate in (19), FD suggested putting a parametric
restriction on the ¢ coefficients, i.e.,

J
¢y =80 +081j+84" and Y ¢ =0. (20)

=1
Substituting (20) into (19) yields
Ve = o + ¢y +z1edi + 2282 + X, 8 + ur, (21)

where z;; = Zjﬁjpjt —J! ZL]J' Zle pirand zy; = Zlejzpﬁ -
J 1 ijljz S pi; see Fair and Dominguez (1991, p. 1280)3
To compare the two models (18) and (19), we partition T into J
subintervals Tj (i.e, T = UJ’-:1 T;) and note ijﬁ(s)ds = pg. Then we

may approximately represent the model (19) in the form of (18)
with

g~ ¢ forj=1,....], (22)

where s} denotes a middle point in the interval T;. Therefore, our
model (18) has an advantage in that it avoids the polynomial
restriction (20) on g, which can be arbitrary.

Estimation results for consumption and saving equations us-
ing the parametric specification (21) are given as in Box I, where
the numbers in parentheses are robust t-statistics using the stan-
dard error estimates of Newey and West (1987). Figs. 1 and 2 show
the estimates of the polynomial coefficients (¢;),j = 1, ..., ], for
consumption and the savings rate, respectively. The dotted lines
are 95% pointwise confidence bands for these estimates. The im-
plied quadratic age coefficient curve for consumption is U-shaped,
as is predicted by the Life-Cycle Hypothesis with minimum point
at around 34. For the savings rate, however, the estimation re-
sult given in Box I and Fig. 2 show that it is U-shaped, incon-
sistently with the hypothesis.? Since the savings rate is expected

8 Although we call it parametric, the FD model would have excessively many
parameters and become overly nonparametric without restrictions in (20). On the
other hand, the nonparametric approach introduced below effectively reduces the
number of parameters to estimate by imposing “smoothness” conditions such as
Assumption 3.

9 The regressors z; and z, are highly correlated with correlation coefficient 0.983,
and therefore their coefficients are not individually significant. We find that the
tendency for z; and z; to be highly correlated is pervasive for other countries as well
(not reported), which suggests that it may be hard to estimate the age coefficient
very accurately by restricting the coefficients in this way.

N
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Fig. 2. Parametric saving-age distribution coefficients.
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Fig. 3. Consumption-age distribution coefficients for seven age groups.
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Fig. 4. Saving-age distribution coefficients for seven age groups.

to be the highest for prime-aged people, the implied age coeffi-
cient curve should be inverted U-shaped. FD also reported a sim-
ilar finding (see Fig. 8 of FD) and they attributed this problem
to a cyclical factor in the data. However, we note that the latter
finding might also result from the incorrect polynomial restric-
tion (20) on g. As a preliminary step to examine this possibil-
ity, we estimate the model (19) with ] = 7 different age groups
(i.e., ages 16-25, ..., 66-75, 76+). This allows us to estimate the
model with a reasonable number of degrees of freedom, but with-
out having to impose the restriction (20).!° The estimates of ¢; for
j=1,...,7 are plotted in Figs. 3 and 4 for the consumption and

10 e set 1o = 0 to avoid the perfect multicollinearity.
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In(G;) = —5.486 +0.0003t —0.030z;; +0.0008z;; + 0.625In(l;)
(—11.776) (1.187) (—1.572) (1.629) (14.559)
S¢ =1387 —0.001t —0.032z;; +0.0009z;; +0.099In(I;) + 0.014A In(l;)
(2.531) (—3.763) (—1.907) (2.056) (2.107) (0.126)
Box I.
Table _1 © T T T T T T T T T T T
Unit root tests.
Lag Augmented Phillips-Perron N
Dickey-Fuller
Constant Trend Constant Trend o
Consumption 0 158 —0.109 158 —1.09 2
1 1.24 —1.60 1.43 -1.32 £o
2 1.17 —1.62 1.36 —1.42 g
3 0.86 —229 1.26 —158 -
4 0.82 —2.06 1.20 —1.69 :
Income 0 1.13 —1.54 1.13 —1.54
1 0.82 —2.36 0.93 -1.82 ki
2 0.59 —252 0.83 —1.99
3 0.54 —2.50 0.77 —-2.10 © ‘
4 061 —279 072 —219 ‘15 20 25 30 35 40 45 50 55 60 65 70 75
Savings rate 0 —147 —3.05 —147 —3.06 hge
1 -1.82 —341 —1.57 —324
2 —1.45 —3.34 —1.57 —3.27 Fig. 5. Nonparametric consumption-age response function.
3 —2.09 —4.26" —-1.66 —3.41
4 —2.09 —3.90° —1.69 —3.49° . .
) below assumes the presence of cointegration. In contrast, we
Log income (]) :(l)‘g; :5'4311 jg; :5.431411 obtain much stronger evidence for a cointegration relationship be-
2 —1.02 301 —130 _256 tween the savings rate and the logarithm of income. Both specifi-
3 —1.13 —3.15 —1.26 —2.63 cations reject no cointegration either at the 5% or at the 1% levels.
4 —0.85 —2.89 —1.24 —2.68

Notes: The sample period is 1959:1-1992:4. Based on the Dickey-Fuller and the
Phillips-Perron statistics.

" denotes the rejection of a unit root at the 5% significance level.

™ denotes the rejection of a unit root at the 1% significance level.

the saving rate, respectively. The result of Fig. 3 is more or less con-
sistent with Fig. 1, but Fig. 4 suggests that the age response function
might be inverted U-shaped if the restriction (20) is not imposed. !

We now consider the semiparametric cointegrating regression
model. We first check whether the individual series are nonstation-
ary. We apply to our data the unit root tests developed by Dickey
and Fuller (1979) and Phillips and Perron (1988). The results are
summarized in Table 1. As we allow the number of lags to change
from O to 4, we find that most data except the savings rate show
strong evidence of containing a unit root. Even for the savings rate,
aside from the lag specifications of 3 or 4, most specifications do
not reject the unit root null hypothesis.

In order to see whether there exist cointegration relationships
between the logarithms of consumption and income and between
the savings rate and the logarithm of income, we employ Jo-
hansen’s procedure. The results are reported in Table 2. We con-
sider two specifications, with and without a linear deterministic
trend in the data. The test statistics for a cointegration relationship
between consumption and income demonstrate an ambiguous re-
sult. When we do not allow for a deterministic trend, there is evi-
dence for a cointegration relationship at the 5% significance level.
However, if a linear deterministic trend is introduced, the hypothe-
sis of no cointegration is not rejected and the test does not support
the existence of a cointegrating relationship. Since there is a strong
theoretical reason to believe in the existence of a long-run relation-
ship between consumption and income, the estimation procedure

11 This result needs to be interpreted carefully because the estimates of ¢; might
be sensitive to the choice of the number of age groups. Our semiparametric
procedure suggested in this paper, however, does not rely on an ad hoc choice of
age groups.

We next report our estimation results from the semiparametric
regression model (18) (see Box II).

Since the income variables are not usually strictly exogenous,
we also estimate the models using the CCR method discussed in
Section 4. The results are given in Box III.

Here we used the Parzen window along with a data-dependent
lag truncation selection rule as in Andrews (1991b) in imple-
menting the CCR procedure. The age response function g(s) was
estimated by the FFF which included a constant, s, s?, and two
trigonometric pairs (i.e., (cos(s), sin(s)) and (cos(2s), sin(2s)))."?
In order to confirm the cointegration relationship in this extended
form of the equations, we also applied the variable addition test
(VAT) using the quadratic and cubic trends (t? and t3) as the super-
fluously added variables. The values of the test statistics are 0.673
(p-value: 0.714) and 1.635 (p-value: 0.441) for the consumption
and saving equations, respectively. The test results imply that we
can not reject the null of cointegration for both models. It seems,
therefore, that the semiparametric cointegrating regression model
is strongly consistent with the data.

Figs. 5 and 6 show the estimated age response functions g¢ and
g5 respectively for the consumption and saving equations. They
reveal that the response functions for consumption and saving
are U-shaped and inverted U-shaped, respectively, both of which
are consistent with the implications of the Life-Cycle Hypothesis.
In particular, unlike the results from the parametric model, our
model exhibits that the savings rate is highest in the mid-aged
range between 35 and 55, without relying on any other augmented
arguments. Furthermore, the estimates were significant, implying
that changing age distribution plays a significant role in explaining
consumption and saving behavior. The effects of income were also

12 In the context of independent data, Andrews (1991c) suggests data-dependent
procedures to select optimally the order k of the FFF expansion. To the best of our
knowledge, however, there is yet no optimal data-dependent selection rule for k
available in the nonstationary time series literature.
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Table 2
Cointegration tests.

Johansen test

Variables Specification A Ao Cointegrating vector LR = —TIn(1 — Ay)
C; and I; No trend 0.0919 0.0280 (1, —0.1603) 21.840"
C; and I; Trend 0.0818 0.0061 (1, —0.1585) 7.2336
S; and In(l;) No trend 0.1204 0.0277 (1,0.00958) 22.454"
S; and In(l;) Trend 0.0827 0.0063 (1,0.0646) 15.106"

Notes: This table shows the Johansen cointegration statistics to test the null hypothesis of no cointegration between consumption (C;) and income (I;) and between the
savings rate (S;) and the logarithm of income (In(I;)). We consider two specifications allowing for no deterministic trend (No Trend) and linear deterministic trend (Trend)
in the data.

" denotes the rejection of no cointegration hypothesis at the 5% significance level.

" denotes the rejection of no cointegration hypothesis at the 1% significance level.

n(G) =fjg‘c(s)f[(s)ds +0.0009t 4+ 0.668 In(l;)
! (1.913) (18.326)

5 =/’gg(s)ﬁ(s)ds —0.005t +0.300In(,) —0.168AIn(,)
! (—7.700)  (7.696) (—2.054)

Box II.

ncH) = / X(9)fi(s)ds  +0.0008t +0.685In(I¥)
! (1.405) (18.828)
S = / THe)fi(s)ds  —0.005t +0.302In(I*) —0.277AlIn(I¥)
T
(—6.970) (6.983) (—1.634)

Box III.

the response function is convex as in FD, but this might be due to
the large bias resulting from an insufficient number of expansion
terms. For k > 2, the function estimates are concave as we
expected, though the estimates for k > 3 are less accurate due to
large variance. Fig. 8 confirms that the results are also robust when
the polynomial basis function (i.e., g;j(s) = s~ ' fori=1,...,«)is
used.

Saving

6. Conclusion

This paper studies a partially nonlinear and nonparametric
cointegrating regression model. As usual, the linear part of the
model specifies the long-run economic relationship as a cointe-
grating regression. The remaining error term, however, is fur-
ther modeled nonlinearly and nonparametrically as being affected
by other nonstationary covariate. More specifically, the nonlinear
component of the model is assumed to be determined by the dis-
tribution, rather than the level, of a nonstationary covariate whose
distribution changes over time. An efficient econometric estimator

Fig. 6. Nonparametric saving-age response function.

highly significant, though the income growth rate was not very

significant in explaining the savings rate.
Finally, to illustrate the robustness our empirical results, we
plot the estimated saving-age response functions with different

choices of the basis function (¢;),i = 1,...,, and truncation
parameter «.'> Fig. 7 presents that the FFF series estimates with
different numbersk = 1, ..., 4 of trigonometric pairs.'* Fork = 1,

13 We found that consumption-age response function estimates are also robust in
a similar sense, but we do not report the results, for brevity.

14 Therefore, since 1, s, s® are always included in the FFF series estimation, the
number of truncation parameters is k = 3 + 2k.

for this model is proposed, its asymptotic distribution obtained,
and a specification test for the model is investigated. The frame-
work is general enough to accommodate many practical time se-
ries models.

It is quite common that economic relationships over time are
affected by the cross-sectional distributions in each period. The
model and methodology developed in the paper can be used to ef-
fectively analyze such relationships in a new perspective. When
we apply our model and methodology to analyze the long-run re-
lationships between the consumption level and income, and the
savings rate and income, we find that the impact of age distribu-
tion takes a U-shape and an inverted U-shape respectively, which
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Fig. 8. Polynomial series estimates of the saving-age response function with different truncation parameters.

is consistent with the life-cycle hypothesis. This shows superiority proaches, which repeatedly produced the U-shaped impact curve
of our approach over the previous studies based on parametric ap- for the savings rate.
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Appendix. Mathematical proofs

Proof of Lemma 1. See Andrews(1991a)and the proofof Lemma 1
in Park and Hahn (1999). O

Proof of Lemma 2. The stated result follows as a special case of
Edmunds and Moscatelli (1977). O

Proof of Proposition 3. If we let

oni(r) = @i (@) ,
n

then we have

sup [lgni — @ill = 0(n" k). (23)

1<i<k

Furthermore, if we let

[nr]
(Kni) (r) = (Kg1) - )
then it follows from (23) that

sup [[Kng;i — Kgill = 0(n" k) (24)

1<i<k

since K (-, s) is Lipschitz uniformly ins € T.
We define

Ape = — Wyt D,

n
B 1 E X
= w,
nK Tl3/2 Kt

1
Cue = ﬁ Z Wyt Ut
n

1
Dpe = — Z wK[‘(qu - ut)
Vi

1 n
Ene = = th(un — Ug),
ni=

each of which we will subsequently consider in what follows.
To analyze Ay, we first introduce

1
A :/ K )(r)(Km,)(r)dr.
0
Then we have
IAnc — Acll = 0(n~"?). (25)

Note that every element of A, — A, is of order O(n~'«) uniformly,
due to (24), and that for matrices the operator norm is bounded by
the Euclidian norm. Moreover, we have

IAcll, IAZ I = 0(1) (26)

uniformly in «, as follows from Assumption 5 and the subsequent
discussion.
For B, we define

1
B, :f K )(r)V(r)dr.
0

Due to Lemma 1 and (24), every element of B, — B, is of order
0,(n™%) + 0,(n"'x) uniformly. Therefore, we have

[Bue — Bl = 0,(n~% %) + 0,(n"'&>/?). (27)

We may also easily deduce that

IBell = 0,(c'/?) (28)

uniformly in k.
To obtain the corresponding results for Cp,, we let

1
Ce :/ (Km)(r)du(r).
0

Similarly as before, we may readily show that every element of
Cnc — C is of order Op(n™") + 0, (n~'k), due to Lemma 1 and (24).
Therefore, it follows that

[Cae — Cell = 0, (™% %) + 0,(n"'k3/?). (29)
We also have
ICell = 0p(xc'/?) (30)

uniformly in «.
For Dy, and E,,, we note that

sup [, — ue| < clige —gll (sup [K(r, s)l) =o(k™),
t>1 r,s

where ¢ > 0 is some constant. Therefore, we may easily see that
every element of Dy, is of order o(n'/2«x ), and consequently,

Dy = o(nV/2, /270y, (31)
Moreover, we have

Ene = 0p(n'"?c "), (32)
since

sup n”2|x | < 1+ sup [V(r)| = 0p(1)

1<t=<n 0<r<1

for all large n.
Finally, we let

1 1

F, :/ Vo(r)V,(r)'dr and F:/ V)V (r)dr.
0 0

It follows immediately that

IFn — Fll = Op(n™"), (33)

due to Lemma 1. Moreover, if we let

1 1
G, = / Vo(r)dU,(r) and G= f V(r)du(r) + n,
0 0

then we also have
G — Gl = 0p(n™"). (34)

This is shown in the proof of Lemma 4 in Park and Hahn (1999).
Now we may easily deduce the results in (a) and (b). We first
prove the results in (a). Clearly, [[M,|| = 0p(1) follows from
(26), Lemma A1 of Park and Hahn (1999) and that K7, is linearly
independent of V a.s. for all «. Similarly, |[M!|| = 0,(1) may easily
be obtained from (26), Lemma A1 of Park and Hahn (1999) and that
K, islinearly independent of V a.s. for all . Furthermore, we have

[Mae = Micll < [[Ane = Acll + 2[Bac = Biell 4 [IFn = Fl,

from which and (25), (27) and (33) the stated result for || M, —M,||
follows immediately.
The results in (b) can also be obtained quite easily. We have

INCIl < ICell + IGIF = 0p(k72),
due to (30). Moreover, it follows that

INne = Niell < 1Cac — Ceell + IDnc [l + I Enic | 4+ 1Gn — Gl
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and the stated result for || Ny, — N, || can be obtained readily from
(29),(31),(32)and (34). O

Proof of Proposition 4. Note that
1My Noe = M 'Nell < [IMy! (Noe = NI+ (M, — M DN ]|

< IMp 1 INpe = Nell + IM;,," — MU [Nl (35)
and that
My — M < (IMpH [Mie — M|l IM]- (36)

The stated result now follows readily from (35) and (36), due to
Proposition 3 and the fact that |[My. — M, || = 0,(1) together with
M1 = 0,(1) implies M| = 0,(1). O

Proof of Proposition 5. The first part follows straightforwardly
from Proposition 4. To prove the first part, we first note that

(ﬁ [H(gﬂk) - H(gl()] ) — <\/EPK(&HK - al())

n(Bn — B) n(Bn — B)
= Q. [VADu(Bu — 80| (37)
However, we have
Qe [ VDB — 8] = QM N + 0p(l1Qu . (38)

due to Proposition 4 and (10). The stated result therefore follows
immediately from (37) and (38), Proposition 3 and that Q, =
o(k1/?).

The proof for the second part is more involved. First, we note
that

)\min(QKQ,é) > C1k
)\max (MHK) - )tmax (MHK)
)”min(QKQ,;) > Gk
)\max (MK) - )\max (MK)
for some constants cq, ¢c; > 0, and therefore we have

QM,'Q) ™", QM 'Q) ™ = 0, 1/?). (39)
Second, we also have
1Qe(M,," = M QU < Qe IM,, — M|

— Op(n_aK3/2) + Op(n_lKS/z), (40)

)Lmin(QKMr;gQ,;) Z

Amin(QeM_'Q)) >

due to Proposition 3, (36) and that ||Q, || = 0(«x'/?).
Consequently, it follows from (39) and (40) that

(QM,'Q) ™ — (@M 'Q) 2
= QM) [QcM ' = M Q]
x [(QKM,:]Q,E)]/Z + (QKM,;(IQ,:)]H]A (QKM/:1Q/£)71/2
=0,(n"") = 0,(k"/?), (41)
since in particular k = o(n®). Now we have
571/2 (\/H [n(glm) - n(g/()] >
e n(lgn - ,3)
= (QM, Q)™ *QM N, + 0p(1),

due to (37)-(39) and (41). This was to be shown. The proof is
therefore complete. O

Proof of Proposition 6. Note that

(\/H [H(éxg —11(9)] ) — o(n'c ).

The proof of the first part is trivial, since n'/?x'/2=% = 0(1), as
shown in (10). For the proof of the second part, note that

S,;(l/z — ()p(K—‘l/Z)7
from which the stated result follows immediately. O

Proof of Theorem 7. The stated result follows immediately from
Propositions 5 and 6, upon noticing

117 &ne) — (@Il < 1T (Gne) — T (gl + 11T (ge) — T (@)l

and

(QM;'Q) QM. N, = 0,(kc'?).

The proof is therefore complete. O

Proof of Corollary 8. Under strict exogeneity, we have
QM. 'N, ~ MN (0, w*QM,'Q)),

where MN signifies the mixed normal distribution. Consequently,
it follows that

(QM1Q)2Q M N, ~ N(0, ).

We may now easily deduce the stated result, since this is true for
alle. O

Proof of Proposition 9. Given our previous results, the proof is
essentially identical to that of Proposition 9 in Park and Hahn
(1999). The details are therefore omitted to save space. [

Proof of Theorem 10. It is obvious that the stated result holds if
the true parameters are known. Therefore, it suffices to show that
the replacement of the true parameters by their estimated values
in the CCR transformations does not affect the asymptotics of the
CCR methodology for our model. For this, we denote by (%) and
(¥F) respectively the CCR transformations of (x;) and (y;) defined
with the estimated parameters. They correspond to (x{) and (y;)
defined with the true parameters.

Define 5, Az, :}22 and @1, to be the estimates of the param-
eters used in the CCR transformations. Though they depend upon
the sample size n and the number of basis functions «, we suppress
the subscript n and « in them for notational brevity. It follows from
Proposition 9 that

Ay = Ay + 0,(n"173),

&)]2 = w1 + Op(n71/3).

Q0 = 29 + 0,(n~173),

Therefore, we may readily show that the CCR methodology based
on (X}) and (¥7) is asymptotically equivalent to that based on (x})
and (y;). The details of the proof will, however, not be given, since
it is essentially the same as the proof of Theorem 10 in Park and
Hahn (1999). O

Proof of Corollary 11. The stated result follows immediately,
since our theory applies only with some obvious and trivial mod-
ifications, mostly notational, to the models with additional de-
terministic and/or stochastic trends. See the discussions below
Corollary 11. O
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