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This paper considers an empirical likelihood method to estimate the parameters
of the quantile regression (QR) models and to construct confidence regions that
are accurate in finite samples. To achieve the higher order refinements, we smooth
the estimating equations for the empirical likelihood. We show that the smoothed
empirical likelihood estimator is first-order asymptotically equivalent to the stan-
dard QR estimator and establish that confidence regions based on the smoothed
empirical likelihood ratio have coverage errors of order n~!' and may be Bartlett
corrected to produce regions with errors of order 2, where n denotes the sample
size. Our result is an extension of the previous result of Chen and Hall (1993,
Annals of Statistics 21, 1166—1181) to the regression context. Monte Carlo exper-
iments suggest that the smoothed empirical likelihood confidence regions may be
more accurate in small samples than the confidence regions that can be con-
structed from the smoothed bootstrap method recently suggested by Horowitz
(1998, Econometrica 66, 1327-1351).

1. INTRODUCTION

The quantile regression models, originally introduced by Koenker and Bassett
(1978, 1982), have recently been very popular in both theoretical and applied
econometrics literature, particularly as a result of their usefulness in character-
izing the entire conditional distribution of a dependent variable given regres-
sors and the robustness property of the quantile regression estimators to outlier
observations. See Buchinsky (2000) and Koenker (2005) for a recent survey.
Koenker and Bassett (1978, 1982) give conditions under which their quan-
tile regression (QR) estimator is n'/2-consistent and asymptotically normal. This
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result enables one to construct a standard asymptotic confidence region on the
true parameters. However, the first-order approximation might be inaccurate
with samples of the sizes encountered in many applications, and hence it might
yield a substantial gap between the true and the nominal coverage probabilities
in practice. On the other hand, it is well known that bootstrap generally pro-
vides asymptotic refinements to the coverage probabilities of confidence regions
under regularity conditions (see Beran, 1988; Hall, 1986, 1992; Horowitz, 1997,
2001). However, the standard theory of the bootstrap cannot be directly applied
to the confidence regions based on the QR estimator because the statistic of
interest is not a smooth function of sample moments that has an Edgeworth
expansion.! In his important recent contribution, Horowitz (1998) considers a
median regression model and shows that one can overcome this difficulty by
smoothing the least absolute deviation (LAD) objective function to make it dif-
ferentiable. He shows that the resulting smoothed LAD (SLAD) estimator is
asymptotically equivalent to the standard LAD estimator, and bootstrap pro-
vides asymptotic refinements in the sense that, with bootstrap critical value,
the rejection probabilities of symmetrical # and y? tests (of linear restrictions)
based on the SLAD estimator are correct up to order O(n~“) under the null
hypothesis, where a < 1 and n denotes the sample size. He suggests that his
results also apply to coverage probabilities of confidence regions.

This paper considers an empirical likelihood (EL) method (originally pro-
posed by Owen, 1988, 1990) to estimate the parameters of the QR models and
to construct confidence regions for the parameters, which are expected to be
more accurate in finite samples than the confidence regions that can be con-
structed from the SLAD/bootstrap approach.? To discuss the higher order prop-
erties of the EL confidence regions, we consider smoothing the estimating
equations of the standard QR estimator. We establish that the resulting smoothed
EL (SEL) estimator is first-order asymptotically equivalent to the standard QR
estimator and the confidence regions based on the SEL ratio statistic have cov-
erage errors of order O(n~'). Furthermore, we show that the SEL is Bartlett
correctable under suitable conditions, so that the coverage errors of confidence
regions can be further reduced from order O(n™!) to order O(n~2).> We dem-
onstrate that this improvement is possible for a wide range of smoothing param-
eter values and hence discussion of the concept of the “optimal” smoothing
parameter is not necessary.

There are a number of papers in the literature that are related to this paper.
Chen and Hall (1993) show that smoothed confidence intervals for quantiles
with no covariates are Bartlett correctable, and our paper is an extension of the
latter paper to the QR context, which perhaps should be of more interest to
econometricians. On the other hand, contrary to De Angelis, Hall, and Young
(1993), we do not assume that the error terms in the QRs are independent of
regressors (X ), and hence they may have an unknown form of conditional het-
eroskedasticity. Finally, we should note that Otsu (2003), independently of our
work, has recently obtained a result similar to ours, assuming independence of
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the errors and regressors. However, the main focus of the latter paper is on the
relative efficiency (over other competing estimators) of smoothed conditional
EL estimators in the first-order approximations, whereas our main focus is on
the higher order properties of smoothed unconditional EL confidence regions.

The remainder of this paper is organized as follows. Section 2 defines the
SEL estimator and confidence region in QR models and discusses their asymp-
totic properties. Section 3 reports some Monte Carlo results. Section 4 makes
concluding remarks and suggests some possible extensions. An Appendix con-
tains proofs of the results.

2. SMOOTHED EMPIRICAL LIKELIHOOD FOR
QUANTILE REGRESSIONS

2.1. Definition of the SEL Estimator and Confidence Regions

Consider the linear QR model given by
Y,=X/B,+ U fori=1,...,n, 1)

where Y; € R is an observed dependent variable, X; is an observed K X 1 vec-
tor of regressors, By is a K X 1 vector of constant parameters, and U; is an
unobserved error that satisfies P[U; = 0|X;] = g a.s. Vi=1 for 0 < ¢ < 1. For
simplicity, we assume that {(¥;,X;):i = 1,...,n} are independent and identi-
cally distributed (i.i.d.).*

To motivate our estimator, consider the following estimating equations:

Eg(Yi’Xi’BO) = Oa (2)
where
g(Y, X;, B) = [1(Y, =X/ B) — q]X; 3

and 1(-) denotes the indicator function.” Note that the function g(Y;, X;, 8) is
not differentiable at points 3 such that ¥; = X/ for some i. This causes some
problems for our subsequent (higher order) asymptotic analysis because most
of the theoretical development of EL has focused on the statistic that is a smooth
function of random variables. In this paper, we circumvent this problem by
smoothing the function g, i.e., by replacing the indicator function in g with a
smooth function.

For this purpose, let K(-) denote a kernel function that is bounded, com-
pactly supported on [—1,1], and integrated to one. Additional assumptions on
K(-) are given later. Define G(x) = [,~, K(u) du and G,(x) = G(x/h). Then, a
smoothed version of g in (3) may be given by

Zi(,B) = (Gh(X,’,B - Yl) - ‘])Xi- @)



176 YOON-JAE WHANG

Let p = (py,...,p,)" be a vector of nonnegative numbers adding to unity.
Then, the smoothed empirical log likelihood ratio is defined by

L,(B)= -2 min 2 log(np;). 5)
i3S pzAp)=0 =1

Given B, using the standard Lagrange multiplier arguments, the optimal value
for p; solving (5) can be shown to be

pi(B)=n""(1+1(B)Z,(B)) ", (6)

where () is a K X 1 vector of Lagrange multipliers satisfying
n~' 2 Z(B)/(1+1(B)Z,(B)) = 0. e
i=1

This gives the (profile) smoothed empirical log likelihood ratio statistic

L(B) =22 log(1 +1(B) Z:(B)), ®)
i=1
where ¢(B) satisfies (7). By definition, the SEL estimator ,é’E of B, solves

min /,(B3), 9
BEB

where B is the parameter space. Using the just-identification assumption in (2),
it can be shown that B satisfies

. 1 . 12 .
Pi(Be) =~ 1(Be) =0, ;Ez,-(ﬂg)=o; (10)
i=1

see Lemma 3 in the Appendix.
We now compare the SEL estimator with the standard QR estimator. The
standard QR estimator 3, of B, solves

1 n
min H,(B) = = >, p,(Y; — X/ B), (11)
BEB n ;=1

where p,(x) =[g — 1(x = 0)]x is the check function. When g = 1, the estima-
tor is the standard LAD estimator. Koenker and Bassett (1978, 1982) show that
/§Q is n'/2-consistent and asymptotically normal. Intuitively, it is reasonable to
expect that ﬁQ and ﬁE are asymptotically equivalent if & goes to zero suffi-
ciently fast as n — oo. This is because, under regularity conditions, BQ satisfies
the first-order condition (FOC)
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i S (VX B) = 1 S (Y= X!B) — qlX, = 0,(n~), 12)
i=1 i=1

which approximately equals to the unsmoothed version (i.e., 2 = 0) of the esti-
mating equations X, p; Z;(8) = 0 for the smoothed EL (5). Under the regularity
conditions given later, we shall show that the two estimators are (first-order)
asymptotically equivalent in the sense that

Vn(Be = Bo) = 0,(1) asn— oo. (13)

This result implies that the asymptotic distribution of the SEL estimator is given
by that of the usual QR estimator, i.e.,

(B — Bo) 5 N(0,A,), where 14)
Ao =q(1—q)Dy 'S, Dy ", 5)
So=E[X,X]],  D,=E[f0O|X,)X X/], (16)

and f(u|x) denote the conditional density of U given X = x. On the other hand,
when ¢ = 3, the result (13) and Theorem 2.1 of Horowitz (1998) imply that B
is also asymptotically equivalent to the SLAD estimator of Horowitz (1998) in
the first-order approximation.

Now, we define the SEL confidence regions. Consider the smoothed empir-
ical log likelihood ratio statistic given in (8). The SEL confidence region for
Bo € RX is defined by

Lie ={B:1,(B) =c}, (17)
where ¢ > 0 is a constant that determines the coverage probability a,,. of I;,.:
a,. = P(By € I),.) = P(1,(By) = ©). (18)

The coverage accuracy of [,. depends on the asymptotic distribution of the
1,(By) statistic. As we shall see subsequently, under suitable regularity condi-
tions, 1,(B,) has an asymptotic yz distribution, and hence ¢ might be chosen
using this result.° As noted by Chen and Hall (1993), if G, is a higher order
kernel, then it is possible that ,. might be a union of disjoint convex sets for
small n and unusual values of A.

Now we comment on the main features of the SEL confidence regions. First,
because they are based on the likelihood function, they do not depend on any
explicit estimate of A,. This is an advantage over the confidence regions that
are based on Wald-type statistics (such as (36), (37), and (39) defined in Sec-
tion 3.1), which depend on explicit estimates of A, and might subsequently
create problems regarding the quality of the estimates. Second, the shapes of
the SEL confidence regions are not restricted a priori to be elliptical or rectan-
gular and are allowed to be determined by the likelihood or, equivalently, by
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the data.” See also Wu (1986). Furthermore, as in the standard parametric con-
texts, we shall show that the SEL confidence regions are Bartlett correctable
provided the smoothing parameter is suitably chosen and other regularity con-
ditions hold, improving higher order accuracy of inferences.

2.2. Asymptotic Equivalence and Coverage Accuracy

In this section, we derive the asymptotic distribution of the SEL estimator and
establish asymptotic equivalence of the SEL and QR estimators. We also dis-
cuss asymptotic coverage accuracy of the SEL confidence regions.

Let r = 2 be an integer. We denote F(-|x) to be the cumulative distribution
function of U; conditional on X; = x and define f(-|x) to be the conditional
density of U; with respect to the Lebesgue measure whenever it exists. We need
the following assumptions for our main results.

Assumption 1. {(Y;,X;):i = 1,...,n} are i.i.d. random vectors.

Assumption 2. The parameter vector 3, is an interior point of the compact
parameter space B in RX,

Assumption 3. X; has bounded support, and S, and D, are nonsingular.

Assumption 4. (a) F(0|x) = g for almost every x. (b) For all « in a neigh-
borhood of 0 and almost every x, f(u|x) exists, is bounded away from zero,
and is r times continuously differentiable with respect to u.

Assumption 5.

(a) K(-) is bounded and compactly supported on [—1,1].

(b) For some constant Cx # 0, K(-) is an rth-order kernel, i.e., fu/K(u) du =1
ifj=0,0ifl=j=r—1:Ceifj=r.

(c) Let G(u) = ([GW)],[Gw)]?...,[G(u)]**") for some L = 1, where

G(u) = [,-,K(@)dv. For any § € RE'! satisfying |6 = 1, there
is a partition of [—1,1], =1 = ay < a; < --- < a, 4, = 1 such that
0'G(u) is either strictly positive or strictly negative on (a;_;,a;) for

[=1,...,L +1.
Assumption 6. h satisfies (a) nh?" — 0 and (b) nh/logn — oo as n — oo.

Assumptions 1-5 are similar to Assumptions 1-5 of Horowitz (1998, p. 1333),
which were used to establish asymptotic refinement of the SLAD-estimator-
based ¢ and y? tests through bootstrap. Assumptions 1-5(b) are used to estab-
lish the asymptotic normality of \n (B, — Bo) and to justify a Taylor expansion
for the EL ratio statistic that in turn is used to calculate the coverage prob-
abilities of our SEL confidence regions. The boundedness assumption for X;
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(Assumption 3) is made to simplify the proofs in the Appendix. It can be removed
at the cost of more complicated proofs. Also, although the distribution U; given
X; is assumed to be continuous, the distribution of X; can be discrete unless
it is identically zero with probability 1, which is excluded by Assumption 3.
Note that the discrete regressors are important for applications with dummy
variables. Assumption 5(c) is used to verify a version of Cramér’s condition
(Lemma 4 in the Appendix) that is necessary to justify a formal Edgeworth
expansion for the distribution of 1,(By).

Assumption 6 requires that 4 goes to zero as n — oo at a suitable rate. It is
satisfied if h oc n™* for 1/(2r) < k < 1, where r = 2. Part (a) of Assumption 6
ensures that the smoothing has an asymptotically negligible effect on the dis-
tribution of 1,(By). On the other hand, part (b) of Assumption 6 requires that &
not be too small. It is needed to ensure a minimum level of smoothness of
1,(By) that is necessary to derive Cramér’s condition for the Edgeworth analy-
sis. Intuitively this assumption makes sense, because Cramér’s condition is
mainly intended to ensure distributions of statistics to have an absolutely con-
tinuous component, but the latter might be hard to attain for 1,(B,) if & is cho-
sen too small (for a general interpretation of Cramér’s condition, see Hall, 1992,
p. 57).

We now derive the asymptotic distribution of the SEL estimator and estab-
lish asymptotic equivalence of the SEL and QR estimators.

THEOREM 1. Under Assumptions 1-5(b) and 6(a), we have

(@) Nn(Be = Bo) = 0,(1); (b)) \n(Br = By) > N(O,Ay),
where Ay is defined in (15).
The asymptotic covariance matrix A, can be estimated, e.g., by

A=¢g(1—¢)D 'SD™", where (19)

D= (nh)™" > K((Y, — X! B)/h)X, X/, S=n""> X, X/, (20)
i=1

i=1

which is suggested by Powell (1984, 1986). Under the assumptions of Theo-
rem 1, it is not difficult to show that the estimator is consistent for A,. Another
way to estimate A is to use a bootstrap estimator as in Buchinsky (1995, 2000),
e.g., (38) in Section 3.1. The bootstrap estimator has an advantage in the sense
that it does not require a choice of &, but its computation can be more demand-
ing than the kernel-based estimators.®

We now discuss coverage properties of the SEL confidence regions. To this
end, it is convenient to write the empirical log likelihood ratio statistic 7,(3)
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(given by (8) and (7)) at B = B, in terms of standardized variables. That is, we
let

A=VY*t and W,=V, %7, (21)

fori =1,...,n, where t = t(By), Z; = Z:(By), and V, = EZ; Z!. Then, in terms
of the standardized variables A and W;, [,,(8y) can be rewritten as

L(By) =2 X log(1 + A'W)), (22)

i=1

where A satisfies

n_liWi/(lJrNW,-) = 0. (23)

i=1

We need to introduce additional notation. We let W, denote the jth component
of W, and define

ik = EVV/] '”‘/V’_jk’ (24)

n
Ak = 1 zmjl‘_‘u/ijk, and A7k = Advedk — ek,
i=1
In particular, a’* = 8% where 67 is the Kronecker delta.’
Under the regularity conditions, we first establish that /,(8,) has an asymp-
totic y 2 distribution.

THEOREM 2. Suppose Assumptions 1-5(b) and 6(a) hold. Then, we have,
as n — oo,

1,(Bo) <> Xk -
Remarks.

1. Theorem 2 is a nonparametric version of Wilks’ theorem (1938), which
has first been proved by Owen (1991) in the standard linear regression models.
Chen and Hall (1993, Thm. 3.1) have also established a similar result for the
quantiles (with no covariates).

2. From the expansion (A.6) and Lemma 1(a) in the Appendix, we can see
that n'/?EZ; — 0 if nh? — 0 and, if E[X,f""Y(0|X,)] # 0, n'?EZ; — 0
implies nh?" — 0. Therefore, if E[X,f""P(0|X;)] # 0, the bandwidth con-
dition 6(a) is in fact a necessary and sufficient condition for [,(B,) to have
an asymptotic y% distribution.

If ¢ = ¢, is chosen such that

P(xg=c,) =a, (25)
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then Theorem 2 implies that the asymptotic coverage of the SEL confidence
region I, will be a, i.e., P(By € I;,.) = P(1[,,(Bo) = c¢,) = a +o(1) asn — oo.

We now discuss the higher order properties of the SEL confidence regions.
Using an Edgeworth expansion of the distribution of /,(3,), we can show that
the asymptotic coverage accuracy of I, is in fact of order O(n™!).

THEOREM 3. Define ¢ = ¢, by (25). Suppose Assumptions 1-6 hold. If we
further assume that sup,nh” < oo, then we have, as n — oo,

P(ByEL,.)=a+0n"). (26)
Remarks.

1. The expansion (A.23) in the Appendix implies that the bandwidth condi-
tion sup,nh” < oo is not only sufficient but also necessary for the asymptotic
coverage error to be of order O(n~') if E[X,fU" " D(0|X;)] # 0. If
E[X;f""D(0]|X;)] = 0, then the result of Theorem 3 still holds even if nh”
diverges as long as nh>" — 0 and nh/logn — oo, i.e., Assumption 6 holds.

2. When nh” — C (< o), the expansion (A.23) and the results (A.20)-
(A.22) in the Appendix may be used to derive the “optimal” value of C that
minimizes the O(n~!) term on the right-hand side of (26). However, this pos-
sibility is not practical of interest because of the availability of the Bartlett cor-
rection, which is discussed in the next section.

2.3. Bartlett Correction

In the previous section, the coverage error of the EL confidence region I, is of
order O(n~"). This error might be partly explained by the fact that the mean of
the distribution of /,(8,) does not agree with that of the y% distribution, i.e.,
E[1,(By)] # K. Therefore, one might suspect that this discrepancy might be
diminished by rescaling 1,,(B,) so that it has the correct mean. This idea is known
as the Bartlett correction in the literature. In this section we show that, pro-
vided £ is chosen suitably, the Bartlett correction reduces the coverage error to
o(n?).
From expansion (A.5), we can show that if nh” — 0

E[1,(By)]=K(1+n""b)+o(n""), where
b= K—l (aiikk/z _ aikmaikm/3). (27)

Here and throughout this paper, we use the convention that terms with repeated
superscripts are to be summed over. The result (27) suggests that we might
consider a confidence region corrected with the Bartlett factor b:

L ={B:1,(B) =c(1+n"'b)} (28)
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In practice, b is not observed and has to be estimated. Let ﬁ denote any n'/2-
consistent estimator of B3, such as the SEL estimator 3 or the usual QR esti-
mator 3,. Define the estimated Bartlett factor to be

b= K '(a™)2 — aikmaikm/3)  where (29)

J T J o n J U nm

n n
~idikk — o —1 pdyry—1 2 Adkm — o —1 A3a—1/2yv ~—1/2y A—1/2
& =nt Y XV, X)) atm=n=1 Y 830,12 X0, X0, X;,
j=1

V,=n'> XX, &=G,X/-Y)—q (30)
j=1
and 9,2 is the ith row of V, /2. With some calculation, one can show that
aftmaitn = n=2 3> 838 (X V1 X,)°, €3]

The confidence region corrected with b is now defined to be
Iio={B:1,(B) = c(1+n'b)}. (32)

Theorem 4, which follows, shows that the coverage error of the SEL confi-
dence region is of order O(n~2) if it is Bartlett corrected by either b or b.
On the other hand, from (A.21) and (A.22) in the Appendix, we have

Qi = g 1(1 = g) ' (1= 3¢ + 3q2)E{(X;SoXj)2} + O(h) and
aihm = q—1/2(1 _ q)fl/Z(l _ 2q)E{(s;1/2Xj)(s;l/ZXj)(SI;IﬂXj)} + O(h),

where s; /% denotes the ith row of S !/2. This suggests that one might also

consider a confidence region
If, = {B:1,(B) = c(1+n"'B)}. (33)

with the Bartlett factor given by
b=K"! [21(1 —3g+3¢%)g ' (1—¢) ! {nl > (Xj’S"Xj)z}
j=1

—31-29% (09 {n‘2 > (X_,-'S"lxm}], (34)

where § = n~!'2}_, X, X;. Note that b is computationally simpler than b
because it does not depend on the bandwidth parameter 4. However, if b is used
instead of b, we will not have the same asymptotic accuracy as b or b because
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of the relatively large estimation error of b. This is because we have b = b +
O(n~'?) + O(h) and hence, with Bartlett factor b, the coverage error is of order
O(n~'h) instead of O(n"2).1°

The following theorem formally states the preceding results.

THEOREM 4. Define ¢ = ¢, by (25). Suppose Assumptions 1-6 hold. If we
further assume that sup,n>h" < oo, then we have, as n — oo,

(a) P(B, E I,f;) =a+0(n?);
(b) P(B, E I,f_’c) =a+0(n?);
(c) P(Bo € In.) =a+ O(n"'h).

Remarks.

1. The result (A.30) in the Appendix implies that the condition sup,n’*h*" < oo
is also necessary for the asymptotic coverage error of I?. or I2. to be of order
o(n2)if E[X;f"1(0|X,)] # 0.

2. The Edgeworth expansion for the distribution of ,(B,) (i.e., eqn. (A.18)
in the Appendix) implies that we have, for any ¢ > 0,

P(1,(By) = ¢) = P(xg =) —n~'G(c*?)exp(=c/2) + O(n™?) + o(nh?"),
(35)

where G(u) is a polynomial of degree 1: i.e., §(u) = Cy-u, where Cy =
[K252T(K/2)] 'tr(A) is a constant. This property of §(-) is essential for our
Bartlett correction result, because it enables us to remove the term of order n~!
from the right-hand side of (35) by a simple adjustment for the expected value
of 1,(By). On the other hand, the Edgeworth expansions of Horowitz (1998,
Thm. 4.2) for the ¢- and Wald statistics and their bootstrap analogues have (odd)
polynomials (i.e., ¢(v,,-) on p. 1349 of the latter paper) with nonvanishing
terms of degrees 3 and 5. The existence of the latter terms, in general, is the
main reason why Bartlett correction is not available for bootstrap (for a general
discussion of this phenomenon, see DiCiccio, Hall, and Romano, 1991, Sec. 2.3).

3. Bertail (2003) makes an ingenious use of convex duality and LAN (locally
asymptotic normality) properties of the EL ratio to show that empirical likeli-
hoods for Hadamard differentiable functionals are Bartlett correctable in a gen-
eral setting.11 However, it is not clear whether his result could be directly
applicable to our context, because the result (Bertail, 2003, Thm. 2.1) has been
derived under a set of high-level assumptions including Cramér’s condition (i.e.,
eqn. (8) of the latter paper). In fact, inspection of our Lemma 3 in the Appen-
dix shows that smoothness of the function G:R — R is crucial to verify
Cramér’s condition (or more specifically to verify the inequality (A.11)). Fur-
thermore, contrary to our result, Bertail (2003) considers only an infeasible Bart-
lett corrected confidence region and does not suggest any explicit estimator of
the Bartlett factor.
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3. MONTE CARLO SIMULATIONS

3.1. Experimental Design

We consider a linear median regression model
Y, =X/B,+ U fori=1,...,n,

where X; = (1,X5;), Bo = (Bo1,Bo2)’ is a 2 X 1 parameter vector whose true
value is By = (1,1)’, the regressor X,; is generated from a uniform distribution
U[1,5], and error satisfies P[U; = 0|X,;] = 0.5. We consider three different
distributions for the error U;: (i) Student ¢ distribution with 3 degrees of free-
dom rescaled to have variance 2 (DGP1), (ii) U; = 0.25(1 + X,;)V;, where V, ~
N(0,1) (DGP2), and (iii) chi-square distribution with 3 degrees of freedom recen-
tered to have median zero (DGP3). In DGP2, U, is heteroskedastic, and in DGP3
the distribution is skewed. DGP1 and DGP2 are the same as the simulation
designs of Horowitz (1998), and DGP3 is considered by Chen and Hall (1993).

We consider confidence regions for the parameter vector 8,. We smooth the
EL using a second-order kernel (i.e., r = 2) K(u) = 3)(1 — u®)1(Ju| = 1),
which is the so-called Bartlett or Epanecnikov kernel. The SEL confidence
regions considered are I, IZ., and 12, which are defined in (17), (33), and
(32), respectively. In the simulation results given subsequently, we denote them
by SEL1, SEL2, and SELS3, respectively. The confidence region corrected with
the true Bartlett factor b (i.e., I7. defined in (28)) is not considered because it
is not of practical interest. To evaluate the effect of smoothing the estimating
equations, we also consider unsmoothed EL confidence regions (i.e., the case
h = 0), and we denote this by EL.

As another benchmark of our simulation experiments, we consider the con-
fidence regions based on the unsmoothed LAD and SLAD estimators. The for-
mer is defined to be

Lap ={B:n(By— BN (By—B) =c.}, (36)

where ,BQ is the LAD estimator of B, c, is the a-quantile of the x? distribu-
tion, and A is defined by (19) with the kernel function given by the second-
order kernel K, (u) = (12)(1 — u?)?1(|u| = 1), which was also used by Horowitz
(1998). We also consider a confidence region

Lopap = 1B:n(Bo— BN By —B) =c,} (37)

where A" is a bootstrap estimator of A,. The latter is computed by
B A = ~ ~

N == 2 (Bo, = Bo) (Bow = Bo)' (38)

b=1

where éa = (l/B)Ele,ég,, and {ﬁgb:b = 1,...,B} are the B bootstrap esti-
mates for B, for the B samples (each of size n) drawn from the empirical joint
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distribution of original data {(Y;, X;):i = 1,...,n}. The estimate A* is based on
the original idea of Efron (1979, 1982) and is also used by Buchinsky (1995)
in the QR models.

On the other hand, the confidence region based on the SLAD estimator is
given by

Ispap = 1B: n(Bs - ,8),]\71(35 -B)= E;} (39)

Here, By is the SLAD estimator of 3, that solves

_ O (Y, —X/b
min A,(b) = = 2 (Y, = X[b) [ 2G| ——— | — 1|,
bEB nizy h
and its variance is estimated by
]\ = Dtl(BS)_lTn(BS)Dn(BS)_]) Where
u ~ Y, —X!b
D, (b) = 2(nh)! EXiX,TG(')<T>,

i=1

T,(b) = n~"' ixix,'{[zc*;(—n _hX;b) - 1]

i=1
+2| —— |G| ——— |},
h h

G (-) is the integral of a fourth-order kernel given by

0 ifu< —1,
_ 105 5 7 3
Gu)=405+—|u——u*+-uw——-u" | iflul=1, (40)
64 3 5 7
1 otherwise,

and GV (u) = dG(u)/du. The constant ¢’ is computed from the following
bootstrap procedure. (i) Generate a bootstrap sample {(¥;*,X):i = 1,...,n}
by sampling the original data {(Y;,X;):i = 1,...,n} randomly with replace-
ment. (ii) Using the bootstrap sample, compute the SLAD estimate 3 and
its variance estimate A* and get S = n(B: — By)' A (Bi — Bs). (iii) Esti-
mate the bootstrap distribution of S, by the empirical distribution that is
obtained by repeating steps (i) and (ii) many (B) times. (iv) Take ¢} to be the
a-quantile of this empirical distribution.

Computing the LAD, SLAD, and SEL confidence regions requires choosing
a bandwidth £ for each. Existing theories suggest the following rules for choos-
ing h. Hall and Horowitz (1990) show that the bandwidth that minimizes the
asymptotic mean squared error of the LAD standard error is of order n~'/>, so
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this rule might be useful for the LAD confidence regions. Also, using the dual-
ity of confidence region and hypothesis testing and Assumption 6 of Horowitz
(1998), the bandwidth that is compatible with the SLAD confidence region based
on the fourth-order kernel (40) is of order n %, where 3 < k < 3. On the other
hand, our Theorems 3 and 4 show that when the kernel order » = 2 the uncor-
rected and Bartlett corrected SEL confidence regions have coverage errors of
order O(n~") and O(n~?) if h is of order smaller than n~ /2 and n~34, respec-
tively. However, all of the preceding rules are justified in an asymptotic sense,
and hence they provide little practical guidance in how to choose /4 in finite
samples. We consider a rule of thumb 4 = con” in our simulations and take
v € [-1.0,-0.9,....,—0.1]. We take ¢, = 1.0 in our experiments, but, as will
be seen, the coverage probabilities of the SEL confidence regions vary little
over a wide range of ¢, and y values.

The number of simulation repetitions used is 40,000 for the LAD, EL, and
SEL confidence regions. This yields simulation standard errors of approxi-
mately 0.0015 and 0.0010 for the simulated coverage probabilities of nominal
90% and 95% confidence regions, respectively. For the BLAD and SLAD con-
fidence regions, however, the number of repetitions is merely 1,000 because of
the very long computing times required for simulations with bootstrapping. In
this case, the simulation standard errors are approximately 0.0094 and 0.0068
for nominal 90% and 95% levels, respectively. The number of bootstrap repeti-
tions used is also restricted to B = 100 because of heavy computational cost.
We consider eight different sample sizes n € [15,20,...,50].

3.2. Simulation Results

Tables 1-3 summarize results for simulated coverage probabilities of confi-
dence regions. Figure 1 shows coverage errors of SLAD and SEL3 (i.e., Bart-
lett corrected with I;) confidence regions for different values of vy values (which
determine bandwidth /). The dotted lines surrounding the solid lines are Bon-
ferroni uniform 95% confidence bands for the coverage errors, which were
computed by connecting (1 — 0.05/m) pointwise confidence intervals where m
(= 10) is the number of points at which the coverage error was estimated. Fig-
ure 2 shows coverage errors of SLAD and SELI1 (i.e., no Bartlett correction)
and SEL3 confidence regions for varying sample sizes n. Here we draw the
Bonferroni uniform confidence band only for the SLAD case to make the pic-
ture less complicated. (The simulation standard errors for SEL1 and SEL3 are
virtually negligible because of the large number of repetitions, i.e., 40,000.)
Our simulation results can be summarized as follows.

1. The coverage probabilities of the LAD confidence regions are relatively
poor and very sensitive to the choice of bandwidth. For example, in the
DGP1 and n = 35 case, the coverage probabilities of the nominal 95%
LAD confidence region are 0.920 and 0.204 for y = —0.1 and y = —0.9,
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TABLE 1. Estimated true coverage probabilities of a-level confidence regions
(DGP1)

n -y LAD BLAD SLAD EL SEL1 SEL2 SEL3

a = 0.90
20 0.1 0.828 0.932 0.947 0.877  0.860  0.861 0.878
0.3 0.675 0.932 0.962 0.877  0.869  0.870  0.884
0.5 0.499 0.932 0.970 0.877 0.873  0.874  0.889
0.7 0.308 0.932 0.977 0.877  0.875  0.876  0.890
0.9 0.158 0.932 0.978 0.877  0.876  0.876  0.890

35 0.1 0.866 0.919 0.921 0.889  0.885  0.885  0.896
0.3 0.734 0.919 0.945 0.889  0.889  0.889  0.898
0.5 0.562 0.919 0.952 0.889  0.890 0.890  0.898
0.7 0.350 0.919 0.958 0.889  0.891 0.891 0.899
0.9 0.167 0.919 0.968 0.889  0.890  0.890  0.899

50 0.1 0.879 0.910 0.926 0.895 0.892 0.892  0.899
0.3 0.762 0.910 0.945 0.895 0.893  0.893  0.899
0.5 0.597 0.910 0.948 0.895  0.895 0.895  0.900
0.7 0.377 0.910 0.942 0.895 0.895 0.895  0.901
0.9 0.172 0.910 0.956 0.895 0.895  0.895  0.900

a =095
20 0.1 0.889 0.960 0.978 0.932 0913 0914  0.926
0.3 0.750 0.960 0.987 0.932  0.921 0.922  0.933
0.5 0.571 0.960 0.990 0.932 0926 0926  0.936
0.7 0.367 0.960 0.994 0.932 0929 0929  0.939
0.9 0.193 0.960 0.993 0.932 0930 0.931 0.940

35 0.1 0.920 0.954 0.966 0.944 0939 0939  0.947
0.3 0.805 0.954 0.977 0.944 0942 0943  0.949
0.5 0.637 0.954 0.985 0.944 0943 0943  0.949
0.7 0.412 0.954 0.988 0944 0944 0944  0.949
0.9 0.204 0.954 0.989 0.944 0944 0944  0.949

50 0.1 0.932 0.949 0.964 0946 0944 0944  0.949
0.3 0.830 0.949 0.976 0.946 0946 0946  0.950
0.5 0.674 0.949 0.981 0.946 0947 0947  0.950
0.7 0.444 0.949 0.980 0946 0945 0945  0.949
0.9 0.209 0.949 0.986 0.946 0945 0946  0.949

respectively. On the other hand, the coverage probabilities of the BLAD
confidence regions are relatively very good and stable across different
designs.

2. Both the SLAD and SEL confidence regions are robust to the choice of
bandwidth. However, Figure 1 shows some evidence that the SEL3 con-
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TABLE 2. Estimated true coverage probabilities of a-level confidence regions

(DGP2)
n -y LAD BLAD SLAD EL SEL1 SEL2 SEL3
a=0.90
20 0.1 0800 0917 0917 0877 0860 0.860  0.878
0.3 0.648 0.917 0.926 0.877 0.868 0.869 0.885
05 0474 0917 0937 0877 0874 0.874  0.890
07 0292 0917 0946 0877 0875 0.875  0.891
09 0148 0917 0951 0877 0876 0877  0.890
35 0.1 0.843 0905 0918  0.889 0.887 0.887  0.898
03 0713 0905 0930 0.889 0.890 0.891  0.900
0.5 0540 0905 0945  0.889 0.890  0.891  0.900
07 0337 0905 0946  0.889 0.890 0.890  0.899
09 0.5 0905 0956  0.889 0.891  0.891  0.898
50 0.1 0857 0900 0906 0.895 0.892  0.892  0.900
03 0742 0900 0928  0.895 0.893  0.893  0.899
0.5 0.575 0.900 0.932 0.895 0.894 0.894 0.900
07 0358 0900 0934 0.895 0895 0.895  0.901
09 0162 0900 0943  0.895 0.894  0.895  0.901
a =095
20 0.1 0863 0951 0964 0932 0915 0915 0.927
03 0723 0951 0969 0932 0921 0922  0.933
0.5 0544 0951 0974 0932 0926 0926 0.936
07 0350 0951 0973 0932 0928 0929  0.939
09 083 0951 0976 0932 0930 0931  0.940
35 0.1 0901 0945 0963 0944 0938 0938  0.945
03 0783 0945 0972 0944 0943 0943  0.949
0.5 0615 0945 0978 0944 0943 0943  0.949
0.7 0.398 0.945 0.976 0.944 0.943 0.943 0.949
09 0194 0945 0981 0944 0944 0944  0.949
50 0.1 0913 0940 0955 0946 0943 0943  0.948
03 0811 0940 0961 0946 0946 0946  0.950
0.5 0649 0940 0960 0946 0946 0946  0.950
07 0421 0940 0964 0946 0945 0946  0.950
09 0198 0940 0967 0946 0945 0945  0.949

fidence region is less sensitive to bandwidth than the SLAD confidence

region, especially for DGP1 and DGP2 and for n = 35.

3. The SEL confidence regions with no Bartlett correction (SEL1) or Bart-
lett corrected with b (SEL2) perform similarly, though SEL2 is slightly
better than SEL1 in almost all cases. This confirms the theory in Theo-
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TABLE 3. Estimated true coverage probabilities of a-level confidence regions
(DGP3)

n -y LAD BLAD SLAD EL SEL1 SEL2 SEL3

a = 0.90
20 0.1 0.557 0.904 0.952 0.875  0.868  0.869  0.885
0.3 0.387 0.904 0.965 0.875  0.871 0.872  0.887
0.5 0.223 0.904 0.969 0.875 0.873  0.873  0.887
0.7 0.104 0.904 0.973 0.875 0.874  0.874  0.887
0.9 0.042 0.904 0.968 0.875  0.874  0.874  0.887

35 0.1 0.660 0.890 0.932 0.887  0.887  0.887  0.897
0.3 0.497 0.890 0.950 0.887  0.889  0.889  0.897
0.5 0.294 0.890 0.951 0.887  0.888  0.888  0.896
0.7 0.132 0.890 0.960 0.887  0.887  0.887  0.896
0.9 0.046 0.890 0.960 0.887  0.887  0.887  0.895

50 0.1 0.716 0.891 0.941 0.895 0.892 0.892  0.898
0.3 0.563 0.891 0.950 0.895 0.893  0.893  0.899
0.5 0.343 0.891 0.953 0.895  0.893  0.894  0.899
0.7 0.151 0.891 0.955 0.895 0.894 0.894  0.899
0.9 0.050 0.891 0.963 0.895 0.894  0.894  0.900

a =095
20 0.1 0.632 0.940 0.977 0.931 0.923 0924  0.935
0.3 0.454 0.940 0.982 0.931 0.926 0927  0.937
0.5 0.269 0.940 0.989 0.931 0928 0928  0.938
0.7 0.128 0.940 0.988 0.931 0929 0930  0.939
0.9 0.053 0.940 0.988 0.931 0.930 0930  0.940

35 0.1 0.732 0.931 0.966 0.943  0.940 0.941 0.947
0.3 0.567 0.931 0.975 0.943  0.941 0.941 0.947
0.5 0.351 0.931 0.978 0.943 0942 0942  0.946
0.7 0.160 0.931 0.985 0943 0942 0942  0.947
0.9 0.058 0.931 0.983 0.943 0942 0942  0.947

50 0.1 0.786 0.932 0.975 0.946 0944 0944  0.948
0.3 0.635 0.932 0.979 0.946 0945 0945  0.949
0.5 0.407 0.932 0.984 0.946 0945 0945  0.949
0.7 0.185 0.932 0.978 0946 0945 0945  0.949
0.9 0.062 0.932 0.975 0.946 0946 0946  0.949

rems 3 and 4(c), which shows that the coverage errors are O(n~"') and
O(n~'h) for SEL1 and SEL2, respectively.

4. The SEL confidence regions Bartlett corrected with b (i.e., SEL3) dom-
inate the other confidence regions in most cases. For example, for n =
50, the SEL3 coverage error is virtually zero (up to simulation errors) in
almost all cases.
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FIGURE 1. Sensitivity of coverage errors with respect to bandwidth parameters (o =
0.95).

5. The overall performance of the unsmoothed EL confidence regions was
similar to that of SEL1 and SEL2. This suggests that, in practice, smooth-
ing of estimating equations is mainly useful to achieve higher order refine-
ments via Bartlett correction.

6. The SLAD confidence regions perform fairly well, especially in small
samples (n = 20) and in some cases, outperform SEL1 and SEL2.

7. The effect of increasing the sample size is to reduce coverage errors for
almost all confidence regions.

8. Figure 2 shows that, as the sample size increases, SEL3 coverage errors
decrease to zero at a faster speed than the SLAD coverage errors. This
confirms our theory because the SLAD confidence region has coverage
errors of order O(n~“) for a < 1, whereas the SEL3 confidence region
has coverage errors of order O(n?).

9. There is not much difference in relative performance of confidence regions
under different DGPs.

10. The results for nominal 90% and 95% confidence regions are similar.
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FiGure 1. Continued.

11. The bandwidth that gives the best overall performance for the SEL3
confidence regions is & = n” for y = —0.8. This result is compatible
with Theorem 4, which requires —1 < y < —0.75 for Bartlett correc-
tion. Therefore, we recommend using the latter rule of thumb in prac-
tical applications, though the results seem to be very robust to the choice
of y.

4. CONCLUDING REMARKS AND EXTENSIONS

In this paper, we have used smoothed EL methods to obtain asymptotically valid
point estimators and confidence regions about the parameters of QR models
that allow for unknown form of heteroskedasticity. We further have shown that,
if a simple correction is made, the smoothed EL confidence region can achieve
higher order refinements, which are better than the refinements that might be
obtained through the (smoothed) bootstrap approach.
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FIGURE 2. Coverage errors with varying sample sizes (o = 0.95, y = —0.1(SLAD),
—0.9(SEL1, SEL3)).
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The results of this paper can be extended in the following directions. First,
this paper considers only the confidence region for the full parameter vector. If
one is interested in a subvector 8;, € R¥' of By = (B]y,Bbo), he or she may
consider a confidence region after profiling out 3,, i.e.,

Dy = 1By Li(By, Ba(By)) =},

where 3,(B;) minimizes I,(B;, 3,) with respect to 3, holding B; fixed. Under
suitable assumptions and using an argument analogous to the proof of Theo-
rem 2, it is not difficult to show that 1,,( 819, B2(B10)) N Xk,» so that I, | has
asymptotically correct coverage (in a first-order approximation) if ¢ is chosen
from the X12<1 distribution. On the other hand, Bartlett correctability of /., is a
more challenging issue. Because the profiling requires an additional optimiza-
tion step (which was not needed in the full parameter case), the Lagrange mul-
tiplier A should now satisfy a first-order equation for this optimization problem,
in addition to the first-order equation corresponding to (A.2). This implies that
a new Edgeworth expansion for the distribution of 1,( 810, B2(B10)) is needed
to take into account the influence of the latter step. However, a systematic inves-
tigation of this expansion is beyond the scope of this paper and will be left to a
future work.'? In practice, one may consider the following bootstrap procedure
to improve the finite-sample performance of 7, ;."?

1. Using the original sample y = {(¥;,X;):i = 1,...,n}, compute 8 = (3],
B5)’ by minimizing /,() with respect to S.

2. Draw bootstrap samples xj; = {(¥;, X;;):i =1,...,n} for | = b = B ran-
domly with replacement from the original sample y.

3. Letting 1;;,(B,,B,) be the value of [,(B;,8,) computed from Yy} instead
of x, compute l,,h(,Bl,,Bz) where 3, minimizes I}, (3,,8,) with respect
to 3, holding 3, fixed.

4. Estimate the bootstrap Bartlett factor bg by solving the equation

B
Z l;h(ﬁl’BZ =K(1+n"'bp).
5. The Bartlett corrected confidence region is given by
II?CI,BI ={B:: lh(ﬂ17B2) =co (1 + ”_1513)}-

Finally, extensions to other econometric models with discontinuous estimat-
ing equations such as censored QR models and discrete choice models would
be interesting future topics.

NOTES

1. For a first-order consistency result of bootstrap estimators in (nonsmooth) QR models, see
Hahn (1995).
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2. Qin and Lawless (1994) link EL to general estimating equations for many interesting esti-
mators. Recent econometric applications of the EL method include Bravo (2002, 2004), Donald,
Imbens, and Newey (2003), Guggenberger and Smith (2003), Imbens, Spady, and Johnson (1998),
Kitamura (1997, 2001), Kitamura and Stutzer (1997), Moon and Schorfheide (2003), Newey and
Smith (2004), and Su and White (2003).

3. We do not claim here that EL is the only way of achieving such higher order refinements.
An alternative method such as double bootstrap (initially suggested by Hall, 1986, and Beran,
1987) is known to enable further refinements over the standard bootstrap and hence might also
yield results analogous to those obtained in this paper. However, the latter procedure can be com-
putationally very expensive. On the other hand, in certain regular cases, it is known that EL is the
only member of the Cressie—Read family that admits a Bartlett correction (see Jing and Wood,
1996; Baggerly, 1998). We expect that the same result will hold in our context under suitable
assumptions.

4. The linearity assumption in (1) is not essential for our results. We expect that a similar
result to ours will hold in nonlinear QR models with some additional work.

5. We note that the assumption of just-identification is important for our higher order results
(especially Bartlett correction). The case of overidentification needs separate treatment and is beyond
the scope of this paper; see Chen and Cui (2003) for an interesting result related to this issue. On
the other hand, the first-order results in Theorem 1 can easily be shown to hold even under the
overidentified case.

6. In practice, the contours of ;. can be computed using a multivariate Newton’s algorithm as
in Hall and LaScalar (1990). In our simulation experiments, we used the modified Newton algo-
rithm written in Gauss codes by Bruce Hansen (available at http://www.ssc.wisc.edu/~bhansen/
progs/elike.prc).

7. This feature is also shared by bootstrap confidence regions constructed by multivariate ker-
nel density estimation applied to the resampled data (viz. Hall, 1987) or by constructing polygons
to the resampled data (viz. Owen, 1990), but these methods do not seem to be very satisfactory
(see Owen, 2001, Ch. 1).

8. Another estimator of Ay one might consider would be the negative of the second derivative
of the log empirical likelihood, which should exist as a result of smoothing of the estimating
equations.

9. This @-A notation was originally used by DiCiccio, Hall, and Romano (1991). For example,
for W= (W',...,WK) € RK, we define a/ = EW/,a¥ = E(W/)% o/ = E(W/)2(WF)?, etc., for
1=j,k=K.

10. The Bartlett factor b is derived in the same spirit (i.e., to remove the dependence on ) as
Bo in Chen and Hall (1993, Thm. 4.1). However, it is interesting to note that, in our case, b depends
not just on ¢ but also on the covariates {X;:i = 1}, in the regression framework.

11. See, e.g., van der Vaart and Wellner (1996, pp. 372-373) for the definition of Hadamard
differentiability.

12. See Chen and Cui (2002, 2003) for some interesting results related to this issue in paramet-
ric models with no smoothing.

13. The idea of using a bootstrap procedure for Bartlett correction is originally due to Hall and
LaScalar (1990). We extend their idea to account for the presence of nuisance parameters.

In a context different from ours, Monti (1997) shows that a Bartlett correction via bootstrapping
might still yield asymptotic refinements in finite samples, even if it does not reduce the coverage
error to O(n~2).

REFERENCES

Baggerly, K.A. (1998) Empirical likelihood as a goodness-of-fit measure. Biometrika 85, 535-547.

Beran, R. (1987) Prepivoting to reduce level error of confidence sets. Biometrika 74, 457—-468.

Beran, R. (1988) Prepivoting test statistics: A bootstrap view of asymptotic refinements. Journal of
the American Statistical Association 83, 687-697.



EMPIRICAL LIKELIHOOD FOR QUANTILE REGRESSION 195

Bertail, P. (2003) Empirical Likelihood in Some Semiparametric Models. Manuscript, Laboratoire
de Statistique, CREST.

Bhattacharya, R.N. & J.K. Ghosh (1978) On the validity of the formal Edgeworth expansion. Annals
of Statistics 6, 434—451.

Bhattacharya, R.N. & R.R. Rao (1976) Normal Approximation and Asymptotic Expansions. Wiley.

Bravo, F. (2002) Testing linear restriction in linear models with empirical likelihood. Econometrics
Journal 5, 104-130.

Bravo, F. (2004) Empirical likelihood based inference with applications to some econometric mod-
els. Econometric Theory 20, 231-264.

Buchinsky, M. (1995) Estimating the asymptotic covariance matrix for quantile regression models:
A Monte Carlo study. Journal of Econometrics 68, 303-338.

Buchinsky, M. (2000) Recent advances in quantile regression models: A practical guideline for
empirical research. Journal of Human Resources 33, 88—126.

Chen, S.X. & H. Cui (2002) On Bartlett Correction of Empirical Likelihood in the Presence of
Nuisance Parameters. Manuscript, Department of Statistics, Iowa State University.

Chen, S.X. & H. Cui (2003) On the Second Order Properties of Empirical Likelihood for Gener-
alized Estimating Equations. Manuscript, Department of Statistics, lowa State University.

Chen, S.X. & P. Hall (1993) Smoothed empirical likelihood confidence intervals for quantiles.
Annals of Statistics 21, 1166-1181.

De Angelis, D., P. Hall, & G.A. Young (1993) Analytical and bootstrap approximations to estima-
tor distributions in L' regressions. Journal of the American Statistical Association 88, 1310-1316.

DiCiccio, T.J., P. Hall, & J.P. Romano (1991) Empirical likelihood is Bartlett-correctable. Annals of
Statistics 19, 1053-1061.

Donald, S.G., G.W. Imbens, & W.K. Newey (2003) Empirical likelihood estimation and consistent
tests with conditional moment restrictions. Journal of Econometrics 117, 55-93.

Efron, B. (1979) Bootstrap methods: Another look at the jackknife. Annals of Statistics 7, 1-26.

Efron, B. (1982) The Jackknife, the Bootstrap and Other Resampling Plans. Society for Industrial
Applied Mathematics.

Guggenberger, P. & R.J. Smith (2003) Generalized empirical likelihood estimators and tests under
partial, weak and strong identification. Manuscript, Department of Economics, University of
California at Los Angeles.

Hahn, J. (1995) Bootstrapping quantile regression estimators. Econometric Theory 11, 105-121.

Hall, P. (1986) On the bootstrap and confidence intervals. Annals of Statistics 14, 1431-1452.

Hall, P. (1987) On the bootstrap and likelihoood-based confidence regions. Biometrika 74,
481-493.

Hall, P. (1992) The Bootstrap and Edgeworth Expansions. Springer-Verlag.

Hall, P. & J.L. Horowitz (1990) Bandwidth selection in semiparametric estimation of censored lin-
ear regression models. Econometric Theory 6, 123—150.

Hall, P. & B. LaScalar (1990) Methodology and algorithms of empirical likelihood. International
Statistical Review 58, 109-127.

Horowitz, J.L. (1997) Bootstrap methods in econometrics: Theory and numerical performance. In
D. Kreps & K.W. Wallis (eds.), Advances in Economics and Econometrics: Theory and Applica-
tions, vol. 3, pp. 188-222. Cambridge University Press.

Horowitz, J.L. (1998) Bootstrap methods for median regression models. Econometrica 66,
1327-1351.

Horowitz, J.L. (2001) The bootstrap. In J.J. Heckman & E. Leamer (eds.), Handbook of Economet-
rics, vol. 5, pp. 3159-3228. North-Holland.

Imbens, G.W., R.H. Spady, & P. Johnson (1998) Information theoretic approaches to inference in
moment condition models. Econometrica 66, 333-357.

Jing, B.-Y. & A.T.A. Wood (1996) Exponential empirical likelihood is not Bartlett correctable.
Annals of Statistics 24, 365-369.

Kitamura, Y. (1997) Empirical likelihood methods with weakly dependent processes. Annals of
Statistics 25, 2084-2102.



196 YOON-JAE WHANG

Kitamura, Y. (2001) Asymptotic optimality of empirical likelihood for testing moment restrictions.
Econometrica 69, 1661-1672.

Kitamura, Y. & M. Stutzer (1997) An information-theoretic alternative to generalized method of
moment estimation. Econometrica 65, 861-874.

Koenker, R. (2005) Quantile Regression. Cambridge University Press.

Koenker, R. & G. Bassett (1978) Regression quantiles. Econometrica 46, 33-50.

Koenker, R. & G. Bassett (1982) Robust tests for heteroskedasticity based on regression quantiles.
Econometrica 50, 43—-61.

Monti, A.C. (1997) Empirical likelihood confidence regions in time series models. Biometrika 84,
395-405.

Moon, H.R. & F. Schorfheide (2003) Empirical Likelihood Estimation Based on Inequality Con-
straints. Manuscript, Department of Economics, University of Southern California.

Newey, W.K. & R.J. Smith (2004) Higher order properties of GMM and generalized empirical
likelihood estimators. Econometrica 72, 219-256.

Otsu, T. (2003) Empirical Likelihood for Quantile Regression. Manuscript, Department of Econom-
ics, University of Wisconsin.

Owen, A. (1988) Empirical likelihood ratio confidence intervals for a single functional. Biometrika
75, 237-249.

Owen, A.B. (1990) Empirical likelihood ratio confidence regions. Annals of Statistics 18, 90—120.

Owen, A.B. (1991) Empirical likelihood for linear models. Annals of Statistics 19, 1725-1747.

Owen, A.B. (2001) Empirical Likelihood. Chapman and Hall.

Powell, J.L. (1984) Least absolute deviations estimation for the censored regression model. Jour-
nal of Econometrics 25, 303-325.

Powell, J.L. (1986) Censored regression quantiles. Journal of Econometrics 32, 143-155.

Qin, J. & J. Lawless (1994) Empirical likelihood and general estimating equations. Annals of Sta-
tistics 22, 300-325.

Su, L. & H. White (2003) Testing Conditional Independence via Empirical Likelihood. Manu-
script, Department of Economics, University of California at San Diego.

van der Vaart, A.W. & JA. Wellner (1996) Weak Convergence and Empirical Processes.
Springer-Verlag.

Wilks, S.S. (1938) The large-sample distribution of the likelihood ratio for testing composite hypoth-
esis. Annals of Mathematical Statistics 9, 60—62.

Wu, C.EJ. (1986) Jackknife, bootstrap and other resampling methods in regression analysis (with
discussion). Annals of Statistics 14, 1261-1350.

APPENDIX

Here we sketch the proof of the theorems in the main text. Some of the details of the
proofs are available in our working paper version.

LEMMA 1. Under Assumptions 1-5(b) and 6(a), we have, as n — oo,
(a) EZ;(By) = (—h)"(r)'Cx E[X;f"~"(0]X))] + o(h"),
(b) EZ,(By)Z:(By) = q(1 —q)S, + o(1),

0Z;(Bo)
(c) ETO = Dy + o(1).
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Proof of Lemma 1. The results of Lemma 1 hold using a standard technique to obtain
biases and variances of kernel density estimators. |

LEMMA 2. Suppose Assumptions 1-5(b) and 6(a) hold. Then, as n — oo, we have
(a) (1/n) 2= Z,(B) = O(d,) a.s., (b) (1/n) 2/, Z,(B)Z;(B) = q(1 — q)So + o(1) as.,
and (c) t(B) = O(d,) a.s. uniformly in B € B, ={B:|B — Boll = d,}, where t(B)
satisfies (7), d, = n V378 and 0 < 86 < é

Proof of Lemma 2. The proof is similar to Owen (1990, proof of Thm. 1) and Qin
and Lawless (1994, proof of Lem. 1). |

LEMMA 3. Suppose Assumptions 1-5(b) and 6(a) hold. Then, with probability I as

n — oo, (a) there exists a K X 1 vector Bg € int(B) such that 1,(B) attains its mini-

mum value at Bg and (b) B satisfies t(Bg) = 0 and Q,(Bg) = 0, where Q,(B) =
n' 2L Zi(B).

Proof of Lemma 3. This lemma is a slight modification of Lemma 1 of Qin and
Lawless (1994) and can be proved using a similar argument to theirs and Lemma 2. B

Proof of Theorem 1. By Lemma 1 and the weak law of large numbers, we have
90,(Bo)/IB" > Dy. Letting G,; = [G(—U;/h) — 1(U; = 0)] and rearranging terms, we
rewrite VnQ,(8,) as

— 2 [1U; =0) - g]X, + —= X [G,; X; — EG,; X;]+ \nEG,;X,. (A1)

|
\n & \n &

The second term on the right-hand side of (A.1) is O,(h'/?) and hence 0,(1) because,

for each € > 0,
—U.-\?
> 3) = 8_2E [G(Tl) 1(‘Ui| Sh)i|”Xi2

which is o(1), using Assumptions 3, 4(b), and 5(a). Also, the last term in (A.1) is also
o(1) using Assumption 6(a) because \/ZEG,” X, = \/ZEZi(BO) =0n'"?h") — 0. Now,
by expanding Q,,(Bg) at By, we have the desired result. |

E (G, X, — EG,; X,]

n i=1

= 0(h),

Proof of Theorem 2. Let A = A(B,) denote the solution of the equation

—EHAW 0. (A.2)

Then, we have
A=0,(n""*+h") (A3)
using the same arguments as in the proof of Lemma 2(c) after noting that we now have

n~' X W,W; 5 EW, W/ = Ix by a weak law of large numbers, n~' = W; = 0,(n~ /> +
h"), and max;|W;| = O,(1) by Assumption 3.
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Next we develop a Taylor expansion for A and /,(By). By (A.2), we have

o
Il

1 Wi
I N A4
nzl-i-)\’Wi a4

- 12%{1 = (M'W) + (A'W)? = (VW) + (A W)* — -}
n
1 1 1

=-2W- <-Emw’>A+ -2 (WW)*W,

1 1
— =D (NW)W, + — D (NW )W, — -,
n n

By Lemma 1(a), we have a/ = O(h"). Also, observe that A = A/ + a/ = 0,(n" /2 +
h"), A% = 0,(n""?), and A/ = 0,(1) for k = 3. Solving for A and then recursive
substitutions in equation (A.4) give, for each L = 1,

N = A = AFRF 4 AMARA! + ARAMAL — 2 AR AR AP Al — RmARFIZN

L
+ zA_jklA/moAkAmA_a _ AjklmAkAlAm + 2 R” + Op((nfl/Z + hr)[ﬁrl ),
1=4
where R;; denotes a sum of the products of terms of the form A/, A/ and A/1"“» for
m € {3,...,1 + 1} so that Ry = 0,((n"Y? + h")") for i = 1,2.
Similarly, we have

2 n
> log(1+A'W,)

n =i

1
- lh(,Bo) =
n

L+1 k—1 n )\!W/l k
:22(—1)"7{2( )
k=2

i=1

} + Op((n—l/z +hr)L+2)
o2 A
= AJAT + = AMAIAFAT — ATFATAF
3

+ AjklAjm()AkAlAmAu _ l AjklmAjAkAlAm + AjkAlekAl _ 2Ajk/AkijApAl
2
- BAMM A KA AN AP RS — AN A Koo i A Ao KHA!
8 _
= A/klmoAJAkAlAmAn
5

+ 12Ajk/A_lmoAijkAmAOA_p + 3A_jkIAmoijmA_aApA_kA_l + A'ikAijklAmA_l
_ 4AjklAijkpAmApA[ _ 4AjklAijmvoAkAl _ 6Ajk1mAijpAkAlAm
L+1

+ D Ry + 0, ((n 2+ 1")E2). (A.5)

=6
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Therefore, for any k > 1,

1L,(By) = nAJA7 + 0,(n(n~"? + h")*) (A.6)

+0,(n(n~"* + n")k).

Because V,, — Var(Z;) — 0, [ Var(Z,)]"/2-n"23(Z; — EZ;) % N(0, Ix), and nh?" — 0
as n — oo, I,(Bo) has an asymptotic central chi-square distribution with K degrees of

freedom if n'/2EZ; — 0. The latter holds by Lemma 1(a) and Assumption 6. |
Let
1 n
= (AL AR AN ARK AT AR Ky = = 0, (A.7)
ni=1

denote a vector of all distinct first L + 1 order multivariate centered moments of W; =
V7127, Note that Q, consists of elements of the form

(G(=U,/h) — @)X ... X" forl =k=L+1, (A.8)

where |v| = vy + -+ + v;. We first establish the following modified version of Cramér’s
condition for the Edgeworth expansion, which will be needed later.

LEMMA 4. Let t € RY™Q pe g vector and I(t,h) = E{exp[it'Q]}, where O (= Q;)
is given by (A.7) and i = (—1)V2. Under Assumptions 1-6, we have, for each & > 0,
that there exists some C(g) > 0 such that

sup [I(t,h)| < 1— C(e)h for all sufficiently small h.

lt]>e

Proof of Lemma 4. The proof of Lemma 4 is analogous to those of Horowitz (1998,
Lem. 9) and Hall (1992, Lem. 5.6). First, collect terms with the same polynomial order,
so that we have

I(t,h) = E{explit'Q]}

= E{[l = F(h|X)] + F(=h|X)exp [l% Tr(t)’g,-(X)]}

r=0

f f exp[ E [G(—u/M)]'7,(2) g,(X)]f(MlX)dudP(X)
= I1,(t,h) + Li(t,h), say,

where g,(X) is a vector of the products of elements of X that correspond to the rth-
order polynomial [G(—U/h)]" in the expansion of ¢'Q and 7,(¢) denotes the correspond-
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ing subvector of 1 € RY4™(©@), For /1 sufficiently small, by a two-term Taylor expansion,
we have

[I,(t,h)] = 1= Ef(0|X)h. (A.9)

Furthermore, given & > 0, there exists (&) > 0 such that
o0 1

J f | f(hu|x) = f(O|x)| du dP(x) = 28(e)Ef(0|X) for h sufficiently small.
—ocov—1

Take n > 0 and y; < 1 such that [j,)=,f(0]x) dP(x) = y; Ef(0|X). Then, by a change
of variables and triangle inequality, we have

|1, (t,h)| = (26(&) + v, hEf(0|X) + hf W(t,x)f(0]x) dP(x), (A.10)

[x1>n

where W(t,x) = fll expli 250G (w)]77,(1)'g, (x)] du. By partitioning of [—1,1] into
subsets {(a;—1,a;):{ =1,...,L + 1} as in Assumption 5(c) and using a change of vari-
ables argument similar to Horowitz (1998, pp. 1346—1347), we can show that

C,(g) = sup sup |¥(t,x)] < 1. (A1)

lx[>n t]>e

Now, by combining (A.9)—(A.11), we have, for each ¢ > 0,

sup [1(t,h)| = 1—={1=28(2) = [y, + (1 =) C(e)}EF(O[X)h =1 — C(e)h

ltl>e

for all & > 0O sufficiently small. Note that C(g) > 0 Ve > 0 because [y; + (1 — v;)
Ci(g)] < 1 and 8(&) can be made arbitrarily small by choosing & sufficiently small.
This completes the proof of Lemma 4. |

Proof of Theorem 3. We first derive the signed root of /,(By) in (A.5), which is
a K-dimensional vector n'/28,, = n'/2(S};,...,8&)" such that [,(8y) = (n'/%Sy.)’
(n'2Sy;.). Consider the expansion
L
SoL = 2T/+ U, =8,+ Uy,
=1

where 7; = O,((n~ "2 + h")!) and U, = 0,((n"Y/? + h")E*1). Some calculations yield

le = A j’

sz _ lAjklAkA] _ lAjkAk’
3 2
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3 _ 4 r_
T»;, — _A]mAkmAk + _AjknAlmnAmAkAl _ _A_lklmAmAkAl
; 8 9 4
5 _ o 5 o
_ _A_/kmA[mAkAl _ _AklmA_/mAkAl’
12 12

T4j — EArkArjAklA[
16

53 _ o 53 _ T -
_ _Ark_/ArmAkpAmAp _ _ArklAr_]AkpApAl _ _Ark_}ArmAmaAoAk
48 48 6
7 -
— _ArklArmAmlAkAl
6
229 _ _ o 229 _ . o 229 _ _ o
+ _Ar_/lAlmaArpAonAp + _ArklAl_/aArpAkAaAp + _ArklAlmoAr_/AkAon
108 108 108

59 _ 25 o 25 _ o
+ _Ar_/lAmopAronApAl _ _ArjlmArpApAlAm _ _ArklmA)yAkAlAm
36 16 16

_ ﬁ Ak Aria famo fm fo Ak AL — f Adkimo Jk g1 xm Ko
27 5
Also, by choosing L sufficiently large, we can ensure that
P(|U, | > n2)=0(n"?).
Hence, for ¢ > 0, we have
P(l,(Bo) =c¢) = P[n'? IS, + Uyl = c'?],
and so

max|P(1,(By) = ¢) = P(n'2|S, | = c'? £n?)[ = O(n™?). (A.12)

We now develop an Edgeworth expansion for the distribution of S,;, = n'/25, . We
first derive the (multivariate) cumulants of S,;. By very tedious and lengthy calcula-
tions, we may show that the cumulants satisfy the following results:

) = 120 _n1/2<é ajkk) +0(n"2h + 02, (A.13)
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1
K@) = §ii + ga’f""a"

+ aiaj _ _ajkmmaiak _ _aikmmajak o aijkmakam
24
_ _alklajmmakal I alkkajmlamal + — alk]ajklakam
18 18
+ ga]klammlalak + 3_ alklammlajak + 1_ ajklakmlalam

1 1
+ _azklakmlajam + 1_ az]kaklmalam

18

/1 1 ) .
+ —| - az/kk - a:kma/km . atjmamkk + O(nflhr + n*Z),
n\2 3 36

KBk = O(nfl/zh’), K Bikl) = 0(”71h2r),
K(jl,jz vvvvv Jm) = 0(}’17("'72)/2) form=5.

Let B be a class of Borel sets satisfying

sup b (x)dx=0(g) ase Lo, (A.14)

BEB J(9B)*

where (dB)® denotes the set of all points distant at most & from the boundary of B
and ¢ ; is the density function of the standard K-dimensional normal distribution. A
formal Edgeworth expansion for the distribution of n'/2S; is given as follows: assuming
nh? — 0,

sup |P(n'?S, € B) —f p(x) o (x)dx| = O(n"?) + o(nh?"), (A.15)
BEB B

where

p(x) =1+ p,(x) + pa(x),
1
pi(x) = > n'{x'Ax — tr(A)},

p>(x) = odd polynomial in x, (A.16)
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and A = (A7) is a K X K matrix with

A= n2aia’ +n laijkak_laikkaj_lajkkai
3 6 6
r | ) r r
+ - aljkk _ arkmajkm o aljmamkk + — alkkajll' (A.17)
2 3 36 36

Accepting that the Edgeworth expansion (A.15) is justified, we now develop an Edge-
worth expansion for the distribution of ,(8y). From (A.12), we have, for any ¢ > 0,

P(1,(By) =¢) :f

lxl<e

P00, (D dx+ O() + o(nh)
=P(xg=c)

+ lnflf { Aii[(xi)z—1]_2Aijxixj}¢o,l(x)dx
[xl<c'/? 1

2 i- i
+ 0 ?%)+o(nh*)
=P(xyi=c)—n 'tr(A)K 'cge(c) + O(n™2) + o(nh?"), (A.18)

where g (+) denotes the density of the y% distribution, the second equality holds by the
symmetry of ¢ ;(-) and oddness of the polynomial p,(x), and the third equality holds
by the symmetry of ¢ ;(-). It is straightforward to see that

Co L
tI'(A) — nZalat + Eaukk _ ga:kmatkm,. (A.19)

Let { = E[Xf~1(0|X)]. Then, using (A.12) and Lemma 1, we have
n?a’a’ = n?(EZ)'V,”(EZ)
= (nh")*(r)2C(&'ST O q ™ (1= )" + o((nh")?). (A.20)

Similarly, we have
a™ = E{[G,(-U) = ¢]*(X"'V, ' X)*}

=q '(1—¢)"(1 -3¢ +3¢*)E{(X'SX)*} + O(h) < o0 (A.21)
and
a™" = E{[G,(—U) = q]*(v,,"* X) (0, X) (v,,,> X)} (A.22)

g (=720 =29 E{(s; 2 X) (s, 2 X) (s, 2 X)} + O (h)

< oo,

where v,;'/? and s;"'/2 denote the ith row of V, /2 and § /2, respectively.
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Therefore, (A.18)—(A.22) give
P(1,(Bo) = o)
=a—n"{nh")(r)PCUL'STg (1= g)7" + O(IK e, gx(cy)
+o(n~" + nh?). (A.23)

It now follows that, because sup, nh” < co, we have P(1,(By) < c,) =a + O(n"'), as
desired.

It remains to check that the formal expansion (A.15) is valid. For this purpose, we
first need the following formal Edgeworth expansion for the distribution of n'/2Q: for
eachm =1,

Pa e ) - | S n g0 ds| = 0 ), (A.24)
A k=0

sup
AEA

where A denote a class of Borel sets A C R for d = _dim(Q) that satisfy
supAeAf(aA)E CXP(_%HXHZ)dx = 0(sg) as & | 0, = = Var(n'?Q), and qx(x) o, x(x)
is the density of the finite-signed measure whose Fourier—Stieltjes transform is
exp(—1'2t/2)P,(t). Here, the polynomial P.(t) is defined by the expansion

exp[i &{ i (i)’ (EQ")M’} ] = exp<—%t’2t>{l + %Pk(t)uk},

Sour(l+1) (|2 1!

where r = (ry,...,ry)’ € R denotes a vector of nonnegative integers, Q" = (Q')"...
@, r! =r...ry!,and t = (t;,...,1;)" € R% The result (A.24) holds by an argu-
ment very similar to the proof of Theorem 19.2 of Bhattacharya and Rao (1976), pro-
vided we establish an analogue of Cramér’s condition (i.e., their eqn. (19.25) on p. 193).
Because the latter is already established in Lemma 4, we have the result (A.24).

Next, write n'/2S; = g,(n'/?Q), where g,: R? — RX is a mapping. Then, because
g,(+) is continuous, we have

3
P(n'?s, € B) = f > n2q(x) o s (x) dx + O(n™2), (A.25)

{8, (x)EB} k=0

uniformly over B € B, using (A.24) and the result of Bhattacharya and Ghosh (1978,
eqns. (2.16)—(2.19), pp. 444-445). By Lemma 2.1 of the latter paper, there exists a
polynomial p,(x) such that

f{ 2 n=*2q(x) o x (x) dx = f p(x) o (x)dx + O(n™?) (A.26)

8n(x)EB} k=0

uniformly over B € B. Therefore, it remains to identify j(x). Using the cumulants in
(A.13), we can approximate (by a Taylor expansion) the characteristic function W, (z) of
n'/2S; up to order O(n~?) uniformly over {¢:|¢| = 1} and then take an inverse Fourier
transformation of the approximation to get the desired result (A.15). This completes the
proof of Theorem 3. u
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Proof of Theorem 4. By (A.18), we have for all ¢ > 0
P(L,(By) =c(l+n ') =P(xyi=c(l+n'b)
—c{na’a’ K"+ n7 b1+ n'blgi[c(1 +n'h)]
+0(m %)+ o(nh*). (A.27)
Note that because g is the density of the y# distribution,
gxlc(l+n1b)] = gx(c)+O(n ') and (A.28)
P(xi=c(l+n'b)=P(xi=c)+cn'bgg(c) + 0(n?). (A.29)
By substituting (A.28) and (A.29) into (A.27), we have
P(1,(Bo) = c(1+n"'b))
=P(xz=c)—cna'a’K 'gi(c) + O(n"2) + o(nh?")
=P(xg=c) = nh¥(r) 2C({'S7')gq (1= q) 'K gk(c)
+0(n?)+o(nh?), (A.30)
where the second equality follows from (A.20). Therefore, sup, n3h2" < co implies that
P(L,(By) =c(1+n'h)=P(xzr=c)+0(n? (A.31)

for all ¢ > 0. The proof of Theorem 3 is complete by taking ¢ = ¢, in (A.31).

The case where b is replaced by borb may be treated in a similar way using the fact
that b = b + 0,(n"'/?) and the parity properties of polynomials in Edgeworth expan-
sions such as (A.16). |



